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óеуϦϽв ЭЫЮϝϠ рϻЮϜ ЭгЛϧЃт бЮм  ϣЛϠϼϒ ев ϽϫЪϒ пЮϖ ̯ънЛУв

 ̪ϸϝЛϠϒ ϣЛϡЂ ев ϽϫЪϒ пЮϖ ̯ънЛУв ЭЫЮϝϠ рϻЮϜм ̪Ϝ̯ϹЛϠ ϽЇК

 ϝлϠ БуϳϦ ϸϝЛϠϒ ϣЛϠϼϒ ев ϽϫЪϒ пЮϖ ϣЃгϷЮϝϠ рϻЮϜм

Ёг϶ ϣЛϠϼцϝϠ рϻЮϜм ̪бПж  БуϳϦ ϸϝЛϠϒ ϣϪыϪ ев ϽϫЪϒ пЮϖ

етϹЛϠ ев ϽϫЪϒ сзузГЮϜм ̪бПж ЙϠϼϒ ϝлϠ . ЩЮϺ пЮϖ ϝКϸ ϝгжϖм

ϢϼмϽЎ ъ ϼϝуϧ϶Ϝ еЃϲ ò[...]  

 
òThe double octave will not comprise, 

 in practice, more than fourteen intervals; 
 the octave, more than seven; the fifth , more than 

four intervals and five degrees; the fourth, more 
than three intervals and four notes; the tone, 

more than two intervals. It is experience and not 
the theoretical need which dictates it [...] ó 

 

[Ib n Sϳnŋ (Avicenna) ð Kitŋb-a-sh-Shifŋ]  

1 

 
* Amine Beyhom is currently the editor in chief of NEMO-Online 
and director of the CERMAA (Centre de Recherches sur les 
Musiques Arabes et Apparentées), a research center affiliated to 
the FOREDOFICO foundation in Lebanon ð he was at the time of 
the reading of the original paper (2008), and un til the publication 
of the first version of this article (in 2010) an independent 
researcher associated to the PLM Research group at the University 
of Sorbonne ð Paris IV. 
1 End of 10th, early 11 th centuries AD; in Arabic [Sϳnŋ (Ibn)  ou 
Avicenne (0980?-1037), 1956] , p. 40-44; and in French [Fŋrŋbϳ 
(al-) et al., 1935] , p. 138. 

FOREWORD 

2 
As I pinpointed in 2003, 

3 the reason for having 
eight notes in one octave is an arbitrary concept. There 
are diverging explanations of this common fact but 
none is satisfactory. This article gives an alternative 
explanation of this phenomenon. It is divided in two 
main parts: 
ü Part I, entitled òDifferentiation, combination, 

selection and classification of intervals in scale 
systems: basic Modal systematicsó, offers another 
view based on the theory of Modal Systematics, 
where basic principles are explained together 
with interval classification in the scale.   

 
2 This article is an emendated, updated and enriched version of 
the paper entitled òA new Hypothesis for the Elaboration of 
Heptatonic Scales and their Originsó [Beyhom, 2010a]  published 
in the proceedings of the ICONEA 2008 Conference. New research 
since its first publication presented complementary and sometimes 
clarifying facts (some of them exposed in the authors publications 
[Beyhom, 2012 ; Beyhom, 2014]) which, with the evolution of 
terminology (see [Beyhom, 2013]  ð in French), makes it 
indispensable to publish this new edition. Most of the tables and 
figures have been reintegrated in the body text, and a dedicated 
appendix (Appendix G) has been added concerning Octavial scales 
with limited transposition. To comply with NEMO -Online 
publishing policy, and as with all articles of the review since 
Volume 3, the pdf version includes bookmarks corresponding to 
the titles, sub-titles, tables and figures, which should help the 
reader navigate between the different parts of the article; 
additionally, one Power Point show illustrating (mainly) 
Appendix G with audio examples, is proposed as a complement at 
http://nemo -online.org/articles . A few complementary remarks: 
the ôhypothesisõ is no longer new, and has never been challenged, 
to my knowledge, since its first publication in the Ph.D. thesis 
Systématique modale at the University of Sorbonne ð Paris IV in 
2003. It is published in this version as a complement to the dossier 
on Orientalism and Hellenism [Beyhom, 2016]  and to the 
òLexicon of modalityó [Beyhom, 2013] . A copy of the original 
thesis [Beyhom, 2003c]  can be obtained from http://www.  
diffusiontheses.fr/ (id.: 03PA040073; Réf ANRT : 41905) in 
printed form (B&W), and the emendated full version , together 
with most of my other musicological writings,  are now 
downloadable free of charge at http://foredofico.org/  
CERMAA/publications/publications -on-the-site/publications -amine- 
beyhom as well as at https://hal.archives -ouvertes.fr. Finally: my 
heartfelt thanks go to Richard Dumbrill who invited  me to 
participate in ICONEA 2008 (and who has read the article at my 
place, as various constraints prevented my attendance), translated 
the first version from the original French, then helped emendate 
the English text for the present version. This was even more 
welcomed as the original article (in French) was proposed 
beginning 2004 to musicological French  speaking reviews, which 
did not accept it for publication.  
3 In my thesis [Beyhom, 2003c] . 

http://nemo-online.org/articles
http://foredofico.org/CERMAA/publications/publications-on-the-site/publications-amine-beyhom
http://foredofico.org/CERMAA/publications/publications-on-the-site/publications-amine-beyhom
http://foredofico.org/CERMAA/publications/publications-on-the-site/publications-amine-beyhom
https://hal.archives-ouvertes.fr/
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ü Part II, entitled òCombining intervals in a system: 
Statistical analysisó, is a statistical analysis on the 
combination of inte rvals within the span of the 
just fourth, the fifth and the octave. It explores 
the systematic combination of intervals in scale 
elements,4 and their filtering according to criteria 
inspired from traditional musics.  

ü The Synthesis that follows allows for th e 
hypotheses on the formation of scale elements 
from the fourth to the octave and the elaboration 
of the heptatonic scale, and proposes clues in the 
search for the origins of heptatonism.  

It is followed by a series of appendices:  5 
¶ Appendix A: òScale elements in eights of the 

tone, within the containing interval of the 
fourth (=20 eights  of the tone)ó, 

¶ Appendix B: òTables of the combination process 
for a just fifthó, 

¶ Appendix C: òComplete results of the semi-tone 
generation within a Containing interval  of 
fifthó, 

¶ Appendix D: òHyper-systems of the semi-tone 
octave complete alphabet generationó, 

¶ Appendix E: òAdditional graphs for octave 
generations, with the extended alphabetó, 

¶ Appendix F: òSynoptic results for the quarter -
tone generationó, 

¶ Appendix G: òOctavial scales with limited 
transpositionó. 

¶ Appendix H: òPermutation processes for the 
combination of intervalsó. 

¶ Appendix L:  

6 òCore glossaryó. 
Whenever Parts I and II are based on a learning 

process and explanations going from the simpler to the 
more complex (semi-tone generation to quarter -tone 

 
4 Be they included in a fourth, fifth or octave Containing interval: 
a Containing interval (see Part I for the complete definition) is one 
of the Acoustical structuring intervals in the scale (the Fourth, the 
Fifth and the Octave), with no melodic role.  
5 Former Appendix G in the 2010 version (complete database ð 
quarter-tone model with reduced alphabet of intervals ð now 
Appendix I), and new appendices J (generation of systems with 
the extended alphabet from 2 to 24 quarter -tones ð raw results 
from the pr ogram Modes V. 5) and K (17ths of the octave full 
alphabet heptatonic generations of systems) are too voluminous to 
be included in the printed version: these can be downloaded from 
http://nemo -online.org/arti cles. 
6 See previous footnote. 

generations, 

7 in the frame of the fourth, then the fifth 
and octave containing intervals), understanding the 
Synthesis, while based on the results of the analysis, 
requires no special insight in mathematics or statistical 
knowledge. 

Prefatory remarks 
The reasons given as to why the modern scale is 

made up of eight notes are unconvincing. Some 
suggest numerical relationships and their properties 
and others acoustic resonance. 8 There are also 
propositions stating the obvious: it is as it is because it 
cannot be different.  

The first reason is based on the properties of 
numbers. It offers two alternatives, firstly the magical 
properties of numbers, and secondly the ratios between 
them. The first alternative is dismissed because it does 
not relate to musical perception.  

9 Since Greek 
Antiquity, the second alternative has been the source 
of an ongoing dispute between the Pythagorean and 
the Aristoxenian schools. 

The tetrad which was used by the Pythagoreans 
and their European followers provides the ratios of the 
predominant notes of the scale, as the Greeks 
perceived them. 

10 However, it does not give any clues, 
and no other theory does, as to why the cycle of fifths , 
based on ratio 2:3, should end after its seventh 
recurrence.11 

Later developments led to scales with twelve 
intervals, as in the modern European model, and 
seventeen with the Arabian,12 Persian and Turkish 
paradigms. 
 
7 With one incursion in the eights of the tone model.  
8 These theories are explored at length, and refuted, in [Beyhom, 
2016] , Chapter III. 
9 Numbers 3, 4, 5, and 7, may play a role in the outcome of 
interval combinations, as shown in Part II of this article.  
10 [Crocker, 1963]  and [Crocker, 1964] . The ratios 1:2 and 2:4 
give the octave; the ratio 1:4, the double octave; 1:3 the octave + 
the fifth; 2:3, the fifth and 3:4, the fourth. These intervals were the 
principle consonant intervals in Pythagorean and Aristoxenian 
theories. In order of their consonant quality, first comes the 
octave, then the fifth and lastly, the fourth  ð more detailed 
explanations are available in Chapter III of [Beyhom, 2016] . 
11 Or twelfth, or mor e: see Chapter III in [Beyhom, 2016]  for more 
details. 
12 I use the terms òArabian musicó as a generic concept applying 
to maqŋm practice, although Farmer, in his òGreek theorists of 

 

http://nemo-online.org/articles
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There are no reasons either for the fourth  

13 to be 
made up of three, or for the fifth to be made up of four 
intervals. 

Then the Aristoxenian school raised a point of 
particular importance when it pointed out that the 
practice of performance and the perception of  intervals 
are the keys to theory.  

14 
The Pythagorean construction of intervals, which 

in part is based on superparticular intervals,  

15 misled 
many theoreticians  

16 into believing that acoustic 
resonance might explain the construction of the scale, 
on the basis of its similarities with it. However, this is 
inconsistent with the predominance of the fourth in 
Greek theory and, for example, in Arabian theory and 
practice today. Acoustic resonance shows that the 
fourth is not the consequence of a direct process. 17 

 
Music in Arabic Translationó [1930] , writes that the use of òArabó 
is well attested, notably in note 1, p. 325: òI use the term ôArabõ 
advisedly, just as I would use the word ôEnglishõ, at the same time 
implying the Scots, Irish, & Welsh. ôIslamicõ or ôMuslimõ will not 
serve, because Magians, Jews & Christians, contributed to this 
ôArabian cultureõ.ó We shall include in this wide definition Turkish 
and Persian music, as well as other maqŋm music with, mainly, 
heptatonic scales and òneutraló (this term is defined below) 
intervals used in the latter.  
13 Additionally, the (Neo -)Pythagorean cycle of fifths does not 
generate a fourth. The scale is the consequence of an ascending 
cycle of fifths, bringing notes placed above the first octave back 
into it, hence F G A B c d e. The fourth, ascending from starti ng F, 
is F-B which is a Pythagorean tritone; see also Chapter III in 
[Beyhom, 2016] . 
14 [Aristoxenos and Macran, 1902] , p. 193-198, notably (p.  193-
194): òFor the apprehension of music depends on these two 
faculti es, sense-perception and memoryó; or p. 197: òThat no 
instrument is self-tuned, and that the harmonizing of it is the 
prerogative of the sense perception is obvious.ó 
15 Intervals with string/frequency ratios of the type (n+1)/n 
when n is a positive integer.  
16 See [Chailley, 1959]  and [Chailley, 1985] , p. 64-65. 
17 Acoustic resonance is not a generative process as such, but it is 
the consequence of the physical (and dimensional) properties of 
matter set to vibration. The integration of acoustic resonance 
within a generative theory is subje ctive as it admits that vertical 
relationships cannot be unidirectional, i.e., ascending; for the 
particular case of the fourth, a computer program has been used 
to test this hypothesis, up to the 1500 th harmonic, and gave no 
exact matches for the just fourth. A first approximation is found at 
the 341st harmonic, with about 496 cents, then 499 cents with the 
683rd harmonic. The closest is the 1365th harmonic with 498 
cents. The calculations were based on the formula: i = 1200 ln 
(R)/ln(2), where ôiõ is the interval in cents, ôRõ the ratio of 
frequencies (the ratios of frequencies are 341, 683 and 1365, 
respectively), and then extracting modulo of (i/1200). In 

 

There are strong arguments in favor of the 
consonance with the just fourth.  

18 However, acoustic 
resonance fails in that neither can it generate modal 
scales, 19 nor can it give satisfactory answers as to the 
number of eight pitches in the octave, or four in a 
fourth.  

20
 

PART I. DIFFERENTIATION, COMBINATION, 
SELECTION AND CLASSIFICATION OF INTERVALS 
IN SCALE SYSTEMS: BASIC MODAL SYSTEMATICS 

The study of interval combination within a fourth 
or a fifth would have entertained scholars since music 
and mathematics were found to suit each other. 
Aristoxenos had limited combination techniques for his 

 
analytical terms, the problem consists in finding an integer J, 
which multiplies N, the frequency of  the fundamental tone, and 
the ratio of which, to the nearest and lower octave (octaves of the 
sound with frequency N have the form 2 k N, where k is an 
integer number) is equal to 4:3, or [(J N)/(2 k N) = (4/3)] (k is 
the power indicator of 2, with 2 k x N being simply an even 
multiple of N), which is not possible because in this case 
[J=(2 k 4)/3], and neither 4 nor a power of 2 (2 k) can divide 3 ð 
more about the Acoustic resonance theory in [Beyhom, 2016] . 
18 [Helmholtz, 1895] , p. 192-194 (figs 60A and 60B, p. 193). The 
consonance of the fourth is explained in that two simultaneous 
notes at a fourth apart have some theoretical harmonics in 
common, as for example for two notes at (1) 300Hz and (2) at 
400Hz, which have common harmonics with frequencies equal to 
1200, 2400, 3600Hz (etc.), i.e., for every common multiple of 300 
and 400 ð more in [Beyhom, 2016] . 
19 In [Beyhom, 2016] , Chapter III, I explain how the only 
conceivable (melodic) scale in the Acoustic resonance theory is 
the zalzalian ( i.e. of the maqŋmic type ð see footnote no. 44) 
Ptolemaic suite 8:9:10:11:12 which results in the òequal diatonicó 
pentachord (expanded from the corresponding tetrachord with 
ratios 9:10:11:12). See also next footnote. 
20 In order to assemble a very approximate octave made up of the 
degrees of the ditonic (for òcontaining two tones in a Just Fourthó, 
i.e. the so-called òdiatonicó ð in fact òtense diatonicó as reminded 
in [Beyhom, 2016] ) scale in Western theories of the scale, various 
resonance theories (mostly notations) generally end up at the 
fifteenth harmonic (sometimes the sixteenth) , which is a ôbõ if the 
fundamental is ôcõ or, ôeõ if the fundamental is an ôfõ. This is an 
arbitrary proposition since no reason is given for having chosen 
the fifteenth harmonic as a last pitch while  this would require 
extraordinary hearing powers, since this fifteenth harmonic placed 
right below the fourth octave has generally little intensity. 
Therefore preceding pitches from the 7 th, 11th and 14th harmonics, 
theoretically, should be heard much louder than the 15 th 
harmonic. 
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understanding of what is commonly named genera, 

21 
but should be considered as plain tetrachords as very 
few indications on Music practice exist in Ancient 
Greek manuscripts. 22 (Al-) Fŋrŋbϳ 

23 saw them as 
systematic combinations.24  

 
21 This process is plainly explained in [Barbera, 1984] , especially 
p. 231-232: òAristoxenos has described the enharmonic genus in 
such a way that there can exist only three species of fourth. This is 
so because he has allowed only two different intervals, the 
enharmonic diesis or quarter-tone and the ditone, to enter his 
discussion. Thus, we can arrange two quarter-tones and one 
ditone in at most three differe nt ways. Had Aristoxenos considered 
a chromatic genus containing three different intervals, for example, 
1/3 tone, 2/3 tone, and 1 ½ tones, what would have been the 
result? Later writers make clear that the six possible arrangements 
of these three intervals were not all possible musically. In fact, 
only the first, second, and third species were musical possibilities, 
i.e., those species that are arrived at by making the highest interval 
the lowest or vice versa, leaving the rest of the sequence un-
changed. The three arrangements that are not considered are 
neglected, I believe, because they are not species of a musical 
genus. A genus is, after all, a tuning, or more precisely, infinitely 
many tunings within firmly established boundaries. Such tunings 
presume a musical scale or system as background ð a first note or 
string, a second note, third, and so forth. One can focus attention 
on any four consecutive notes of the scale and, depending upon 
the segment of the scale that is chosen, one can discern a variety 
of species. At no point, however, can one alter the sequence of 
notes of the scale. For instance, the third note of the system never 
becomes the second note. Therefore, because a system ð the Greek 
musical scale ð is assumed, and because species must be species of 
a genus, there can exist only three, not six, species of any specific 
tuning of a musical fourthó ð this is further explained in this article 
in relation to intervals combination.  
22 See previous footnote; Greek manuscripts exist only as late 
copies as pinpointed in Chapter I of [Beyhom, 2016] . 
23 There are two major theoreticians of Arabian music from old, 
Abẓ-n-NaḪr MuΌammad ibn MuΌammad ibn Tarkhŋn  al-Fŋrŋbϳ 
(9th-10th centuries) and ṃafiyy -a-d-Dϳn ַײAbd-al-Muִיmin ibn Yẓsuf 
ibn (ab-ϳ-l-Ma)Fŋkhir al-Urmawϳ (d. 1294). Urmawϳõs theoretical 
concept of the scale is a Pythagorean adaptation of the 17-
intervals scale found in all theoretical and practical writings on 
Arabian music since YaꞋqẓb ibn IsΌŋq Abẓ Yẓsuf al-Kindϳ (0801?-
0867?), the òPhilosopher of the Arabsó who was the first to use 
Ancient Greek theories to (try) describe Arabian music at his time 
ð see [Beyhom, 2010b] . 
24 [Fŋrŋbϳ (al-), 1930] , p. 127: òShould a consonant interval be 
repeated within a group, the small intervals could be situated at  
different places in that group. Thus the fifth having been placed 
within a group with a certain arrangement of its small intervals, 
one can, within the same group have other fifths having their 
small intervals arranged in another way. For instance, the fi rst 
interval in the first arrangement might be the last in another. In 
the case an interval is seen often in a group with its small intervals 
differently arranged, each of these arrangements of small intervals 
form a genus, a species, of a group. Within an interval, the 
arrangement of small intervals it contains can be classified as first, 

 

The combination of intervals must obey rules. Thus 
heptatonism is made up of a small number of 
consecutive intervals which we shall call conceptual. 
They are placed in larger containing  

25 intervals, such 
as the fourth, the fifth or the octave. Aristoxenos used 
the quarter-tone as the smallest interval in his scales 
and tetrachords. With Cleonidʰs the twelfth of the tone 
was a common denominator for all intervals .26 Fŋrŋbϳ 
divided the octave in 144 equal parts. 27 This is twice 
the amount as in Cleonidʰs. This shows that Fŋrŋbϳ was 
influenced by the Harmonists, as Aristoxenos had them 
labeled. These scholars were focused on tonometry and 
generally used a small common denominator for a 
maximum of accuracy in their quantification  

28 of 
intervals.  

29 However, the Aristoxenian school  

30 favored 
the largest possible common denominator, i.e., an 
interval which can also be used as a conceptual 
interval (a second among intervals building up to 
larger containing intervals such as the fourth, the fifth 
or the octave). 

Let us take a tetrachord  

31 with a semi-tone or a 
quarter-tone as largest common denominator, within a 
fourth. To find out how many semi -tones make up a 
fourth, add semi-tones, one after the other until the 

 
second, etc., until the various arrangements in this group are 
exhausted.ó 
25 Or òcontaineró, or òdelineatingó. 
26 [Cleonidʰs, 1884], Lõintroduction harmonique, (ed. and tr. Ruelle, 
Ch.), notably Ä71: òDifferences are produced numerically in the 
following manner. Having agreed that the tone is divided in 
twelve small parts each of which called a twelfth of a tone, all the 
other intervals have a proportional part in relation to the  tone.ó 
27 [Fŋrŋbϳ (al-), 1930] , p. 59 sq. 
28 Metrologic accuracy is essential to mathematical precision. 
However, Fŋrŋbϳ himself acknowledges that music performance 
dismisses very small intervals in the scale ð see [Fŋrŋbϳ (al-), 
1930] , p. 174-176. 
29 The òHarmonistsó are supposed to have used the (exact) 
quarter-tone as a common denominator for their scales: this may 
be short of the truth ( see Appendix 2 of [Beyhom, 2016] ), as the 
Harmonists had 28 (and not 24) òquarter-tonesó in their scales. 
30 Not Aristoxenos as he had a more complex understanding of 
intervals (a fact that has been overseen by most followers and 
critics), and used Pythagorean mathematics imbedded in his 
explanations of typical tetrachords ð see Appendix 3 of [Beyhom, 
2016] . 
31 The term genus will only be used for the melodic expression of a 
tetrachordal polychord (= òmade of multiple conjunct intervals of 
secondó); the same applies, as pinpointed in [Beyhom, 2013 ; 
2016], to the terms òmodeó and òscaleó.  
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fourth is filled up (  Table  1). These intervals make a 
form of alphabet the letters of which being multiples of 
semi-tones. 

1 = 1 semi -tone 
1 + 1 = 2 semi -tones, or one tone 
1 + 1 + 1 = 3 semi -tones, or one-and-a-half-tones 
1 + 1 + 1 + 1 = 4 semi -tones or a ditone 
1 + 1 + 1 + 1 + 1 = 5 semi-tones or the approximate fourth  

Table  1 Interval alphabet in an approximate fourth (in 
semi-tones). 
In  Table  1, the intervals labeled 1, 2, etc., are 

integers. They are multiples of the largest common 
denominator which is the semi -tone. If we place three 
intervals in a fourth, other intervals may not fit in any 
longer.  

For example, if we place two of the smallest semi-
tone intervals, the largest interval to fill up the fourth 
is one-tone-and-a-half, that is three semi -tones. When a 
fourth is made up of three intervals, the alphabet is 
reduced and has only intervals equating to one, two or 
three semi-tones. 

The tetrachords made from the systematic 
combination of the i ntervals in the alphabet constitute 
the well -known six tetrachords of semi-tone scales 
( Table  2), among which the first  

32 and the fourth  

33, are 
mentioned by Aristoxenos.  

1 1 3  (semi-tone, semi-tone, one-and-a-half-tones)  ð  òtonic 
chromaticó of Aristoxenos 

1 3 1  (semi-tone, one-and-a-half-tones, semi-tone) 
3 1 1  (one-and-a-half-tones, semi-tone, semi-tone) 
1 2 2  (semi-tone, tone, tone)  ð  òtense diatonicó of Aristoxenos 
2 1 2  (tone, semi-tone, tone) 
2 2 1  (tone, tone, semi-tone) 

Table  2 Species of tetrachords made from multiples of the 
semi-tone. 
The first three species34 have two classes of 

intervals: the semi-tone class, 1, and the one-and-a-
half-tones class, 3. This also applies to the three other 
ditonic  

35 tetrachords, but in this case with intervals of 

 
32 ô1 1 3õ (two adjacent semi-tones followed by one one-and-a-half-
tones interval ): [Aristoxenos and Macran, 1902] , p. 202-203. 
33 ô1 2 2õ (semi-tone, tone, tone): [Aristoxenos and Macran, 1902] , 
p. 204. 
34 These are defined as sub-systems in Modal systematics. 
35 Understand as tense diatonic (or Western diatonic), as many 
other shades of diatonic tetrachords exist as explained in 
[Beyhom, 2016] , Chapter I, and in [Beyhom, 2010b ; 2015b]. 

one semi-tone, 1 and one-tone, 2. Interval classes can 
be expressed as capacity vectors, according to the 
number of intervals of each size they have ( Table  3). 

Another approach to the problem would devise a 
literal expression for the size of intervals expressed as 
multiples of the semi -tone, and then, arbitrarily, 
assigning the system amounting to the least integer 
number, as indicator of capacity.  

 
Table  3 Capacity vectors for tetrachords on a semi-tonal 
basis. 
A good example is the tetrachords with two one -

semi-tones and one one-and-a-half-tones additional 
interval (  Table  4).  The digits of the intervals are 
concatenated in a single integer. The lowest number in 
the series of three is 113. If we assign the smallest 
number in the series as a capacity vector, we need only 
count the number of occurrences of each interval. We 
start with the smallest one to find out what is the 
capacity of the corresponding scale systems. This is 
known as a hyper-system. 

 
Table  4 Expressing the scale systems ò1 1 3ó, ò1 3 1ó and 
ò3 1 1ó as integer numbers and deriving the capacity vector 
and hyper-system (sub-system resulting in the smallest integer 
number). 
Taking, for example, vectors (2,0,1) and (1,2,0), 

with corresponding hyper -systems 113 and 122 as 
basis for generating remaining combinations, the 
intervals in each hyper -system can be combined 
differently in three sub -systems, or unique 
arrangements of intervals contained in the hyper -
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system ( Table  4). The reason for this is that each 
model contains a semi-tone which is repeated, in the 
first hyper -system and two one-tone intervals for the 
second. The outcome of the combination of intervals in 
a hyper-system containing three different intervals 
would be different. However, this configuration does 
not exist for semi-tone integer multiples.  

Conceptual, quantification, and elementary 
intervals: Understanding theory and practice 

In the Western equal-temperament scale, 36 also 
known as the 12-ET system (equal temperament with 
12 intervals in the octave), both conceptual and 
quantification intervals may have the same value. The 
semi-tone is half of a tone. It is the smallest interval 
and therefore divides the fourth into five semi -tones. 
The fifth, is made of seven semi-tones: three tones and 
one half-tone. The octave has twelve semi-tones, that is 
six tones. The cent being equal to one hundredth of a 
semi-tone, appears to be more accurate. However, it 
has little purpose with the 12 -ET since the semi-tone is 
the exact divider for all larger intervals.  

With other systems,37 the smallest interval used, in 
theory, may neither be a div ider of other intervals, nor 
a conceptual interval, or an interval which is used in 
the scales and melodies of a particular type of music. 
An example of it is the systematic scale defined in the 
first half of the 13 th century by ṃafiyy-a-d-Dϳn al-
Urmawϳ, in his Book of cycles. 

38 There, the smallest 
 
36 More than two thousand years ago, Ancient Greek theory 
included the semi-tone equal temperament which is in use in most 
Western music today (classical, to some extent, and pop music in 
general), together with modern Arabian quarter -tone divisions of 
the octave. Aristoxenosõ theory is reportedly based on an equal-
temperament division. He defines the fourth as composed of five 
semi-tones (see [Aristoxenos and Macran, 1902]  p. 208); in both 
Ancient Greek theory and practice, however, equal-temperament 
was never used, because exact computation of the intervals of 
equal-temperaments was not possible. Moreover, and as reminded 
in [Beyhom, 2016]  ð Chapter I, Aristoxenosõ concept of the scale 
was never based on equal-temperament. This is one of the reasons 
why intervals functions must be differentiated from th eir 
measurements. 
37 Such as many types of unequal temperaments. 
38 Urmawϳõs Book of cycles is extensively analyzed by Owen Wright 
in The Modal System of Arab and Persian Music A.D.1250-1300, 
[Wright, 1969] . There appears to be no translation in English. 
There is a translation in French by Erlanger (1938) but there he 
refers to a commentary (the Sharқ Mawlŋnŋ Mubŋrak Shŋh bar 
Adwŋr) which he attributed to ṃafiyy-a-d-Dϳn al-Urmawϳ, under 

 

conceptual interval  

39 is the leimma. The tone, is made 
up of two leimmata and one comma, both 
Pythagorean. 

40 The leimma is equated 

41 to the semi-
tone. Therefore, a typical tone may take the form L + 
L + C, where ôLõ stands for the leimma, and ôCõ for the 
comma. Therefore a pitch can be placed in a scale on 
the boundaries of these intervals. 

42  
In this case, the leimma, and the comma play the 

role of elementary intervals (they are used to make up 
other intervals in the scale). However, the comma is 
not a conceptual interval because it is never used as 
such between neighboring pitches of a scale 

43 but only 
as part of another and larger conceptual interval.  

The comma and the leimma, make up conceptual 
intervals used in the composition of other intervals 
such as the òneutraló44 ð or zalzalian ð second, called 

 
the title of Kitŋb al-Adwŋr [òLivre des cycles musicauxó], in La 
Musique Arabe, Vol.3, [Urmawϳ (d. 1294) and [Jurjŋnϳ (al-)], 
1938] . In the same volume, Farmer (p. XIII of Erlangerõs 
translation) ascribes it to ꞋAlϳ ibn MuΌammad a-s-Sayyid a-sh-
Sharϳf al-Jurjŋnϳ. 
39 Reminder: a stand-alone interval in the scale.  
40 The Pythagorean comma amounts (notably) to six Pythagorean 
tones (8:9) from the sum of which one octave is taken away. The 
comma has the ratio of 524288:531441, which is about 23 cents. 
This discrepancy can be described as the consequence of the 
Pythagorean tone, about 204 cents being slightly larger than the 
equal temperament tone at 200 cents. Therefore the octave is 
made up of five tones and two leimmata. The Pythagorean fifth is 
made up of three tones and one leimma (about 702 cents), and the 
fourth, of two tones and one leimma (498 cents). The leimma is the 
ôleft overõ quantity between two Pythagorean tones away from a 
fourth. This amounts to a ratio of 243:256, about 90 cents.  
41 The leimma is (see previous note) the complement of the 
Pythagorean ditone within the just fourth of ratio 3:4.  
42 One of Urmawϳõs (intervallic) octave representations runs as: L L 
C, L L C, L, L L C, L L C, L L C, L. Placing notes at Pythagorean 
boundaries, we have c (L L C) d (L L C) e (L) f (L L C) g (L L C) aõ 
(L L C) bõ (L) cõ. In the maqŋm Rŋst of Arabian music, as defined by 
Urmawϳ, the boundaries stand differently: c (L L C) d (L L) eð (C L) 
f (L L C) g (L L C) aõ (L L) bõð (C L) cõ. The intervals between d and 
eð (or for the latter a pitch which stands between e flat and e 
sharp) and between eð and f are the mujannab, or zalzalian seconds 
of Urmawϳ. The same applies to the intervals between aõ and bõð 
and cõ. Their value is (L+L) or (L+C), but both hold the same 
name of mujannab, whilst intervals such as the leimma ôLõ or the 
tone, have one single interval capacity, that  is one leimma for the 
semi-tone (with Urmawϳ), and two leimmata and one comma for 
the tone. 
43 Or in a melody.  
44 Because this term, used by Orientalists, is biased and gives the 
ditonic system the priority on other music systems (and compels 
me to use double quotes for òneutraló all over the text of this 
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mujannab which, according to Urmawϳ, can be made 
up of two leimmata (i.e., L + L) or with one leimma 
plus one comma (i.e., L + C or C + L).  

The difference between the two zalzalian seconds, 
i.e., the difference between two leimmata and one 
leimma plus one comma ( Fig.   1), or [(L+L) - (L+C) = 
(L - C)], is about 67 cents, almost three Pythagorean 
commata.  

 
 Urmawϳõs tone (left) and two expressions of the Fig. 1

mujannab (center and right): T=tone, M= mujannab, 
L= leimma and C= comma. 

 
article), I shall use exclusively the term zalzalian from this  point on 
to characterize such intervals. As explained in [Beyhom, 2016] , 
Zalzalian divisions of the scale are generally deduced from the 
existence, in a containing (or delineating) interval ( i.e. a fourth, a 
fifth, an octave), of small(er) structuring intervals the values of 
which are frequently expressed as odd multiples of the 
(approximate) quarter -tone. The term òZalzalianó {from ManḪẓr 
Zalzal a-ɣ-ʅŋrib, an 8th-9th-centuries ₱dist who was ð supposedly ð 
the first to introduce the fingerings of the mujannab(s) ð i.e. the so-
called zalzalian seconds and thirds ð on the neck of the ₱d} refers 
more generally to intervals (or musical systems which use them) 
using other subdivisions as the semi- (or òhalf-ó) tone, noticeably 
all the varieties of mujannab seconds spreading from the exact 
half-tone to the disjunctive (Pythagorean) tone ð see  Fig.   5: 14 
(references to figures and tables have page numbers, when 
needed, after a colon); the same applies to intermediate intervals 
between the (exact or Pythagorean) tone and the one-tone-and-a-
half interval (either equal -tempered or Pythagorean òaugmentedó 
second), etc.  

Conceptually, however, the two possible forms of 
zalzalian seconds, with Urmawϳ, are equal ( Fig.   2). 
Both are called mujannab and considered as 
intermediate intervals placed between the leimma and 
the tone.  

 
 Excerpt from an autograph  

45 by Urmawϳ of the Book Fig. 2
of Cycles which illustrates the conceptual equality of the two 
forms of the mujannab (and of the use of elementary intervals 
as conceptually equal).46 
Arabian theory has hardly changed since 

Urmawϳ. 

47 Modern scholars give two princip al 
representations of a scale with all possible locations of 
pitches. The first is an approximation of the general 
scale with Holderian commas, 

48 HC, henceforth, and 
the second uses the quarter-tone for quantification.  

A HC equates to 1/53rd of an octave, about 23 cents 
(22.6415)  

49. Therefore one leimma equates to four HC, 
about 91 cents. This is close enough to the 
Pythagorean leimma. The tone is 9 HC, or 204 cents, 
matching the Pythagorean tone. Typically, a tense 
diatonic  (or ditonic) tetrachord50 is modeled as a 
succession of two Pythagorean tones of 9 HC each, 
plus a leimma with 4 HC. The mujannab of Urmawϳ, 
which amounts to a zalzalian second, has two possible 
values in Modern Arabian theories of the scale, 6 HC 

 
45 According to Owen Wright (Personal communication).  
46 [Urmawϳ (al-), 2001, p. 6]. 
47 The concept remains the same throughout history, and is based 
on the division of the tone into three small intervals and on the 
division of the zalzalian second in two other, even smaller ones ð 
see [Beyhom, 2007c ; 2010b]. 
48 The modern concept of divisive commas is different from the 
Ancient Greek concept based on ratios; therefore, the Pythagorean 
comma is written in italics in this article, which is not the case 
with the Holderian comma.  
49 Accuracy to the 4th decimal is needed only for computational 
purposes as in practice anything under two cents is hardly 
noticeable ð more in [Beyhom, 2016] . 
50 The tense diatonic [ditonic] genus is the Western paradigm as 
explained above. 
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or 7 HC, but they are considered as identical 
conceptual intervals ( Fig.   3). 

51
 

The first division of the octave, the 53 -ET giving 
the Holderian comma as a common divisor of all 
conceptual intervals, follows, in Modern Arabian 
theory, complex rules.  

52 The second division of the 
octave, in 24 theoretically equal quarter -tones, will 
demonstrate a privileged example of interval 
relationship.   

 
 Comparison between the modeling of the Fig. 3

Pythagorean tense diatonic scale (left) and of the Arabian Rŋst 
scale (right) with Holderian commas.  

 
51 For example in [ṃabbŋgh  (a-Ḫ- ), 1950] . 
52 ṃabbŋgh uses (p. 29 for example in the aforementioned book of 
this author), the terms ôflat plus one quarterõ for the note eð in the 
scale of the mode Rŋst, although the intervals that surround it are 
different in size (6 HC and 7 HC). Much in Arabian theories of the 
scale relies on prior knowledge of maqŋm rules and on former 
theorizations ð see also next footnote. 

At this point, it may be useful to explain how two 
intervals, which are different in size, can, according to 
Urmawϳ, be considered as identical conceptual 
intervals.  

53 
The best example is with the maqŋm Bayŋt ( Fig.   4). 

It is based on the same scale as the maqŋm Rŋst. The 
Rŋst scale is composed of approximate three ôone-toneõ 
and of four ôthree-quarter-tonesõ intervals.  

It could be notated as c d eð f g a bð cõ, with eð and bð 
being approximately one quarter -tone lower than their 
western equivalents. The scale of the Bayŋt is close to 
the general structure of maqŋm Rŋst, but begins with d 
and has a (generally descending) 54 bflat. This gives d eð f 
g a bb cõ dõ. 

55  
The note eð which has the same name in all 

theories of the maqŋm, 

56 is placed differently according 

 
53 Conceptual intervals represent qualities of intervals when used 
in a melody or a scale. Compared one to another, each has a 
unique and identifying quality which relies on its relative size. 
These compose the fourth, the fifth or the octave, and play a 
distinct role in performance, bearing in mind fluctuations and 
regional preferences which will be stressed for the degree SקKȱ in 
Arabian music for example, ( Fig.   5, p. 14) and identified by the 
performer as a semi-tone, a mujannab, or a one-tone interval, and 
so forth. The Arabian usage of the HC agrees with the adepts of 
Pythagoras who insisted in the Pythagorean approximation of the 
Arabian scale, instead of an equal temperament. The reason is that 
the odd number of HC in one tone (nine) and its distribution 
among the Pythagorean leimma (4 HC ð sometimes called ôminorõ 
semi-tone) and the Pythagorean apotome (5 HC ð sometimes 
called ômajorõ semi-tone) are good enough approximations and 
represent two different intervals whenever the mujannab intervals 
in Arabian m usic, conceptually equivalent to one and single 
interval, may also be approximated to two intervals of slightly 
different sizes, i.e., 6 HC and 7 HC, which, when added, equate to 
the augmented second of the Western scales. While Urmawϳõs 
mujannab intervals could better be approximated with 8 HC (for 
the two-leimmata mujannab) and 5 HC (for the apotome-
mujannab= leimma+comma), modern Arabian theoreticians need 
to differentiate the latter interval from the semi -tone, and stay 
close to the quarter-tone theory: this fact explains most of the 
inconsistencies and problems with the HC notation found in the 
literature.  
54 Maqŋm Bayŋt ascending scale is often represented with the 
same structure as maqŋm Rŋst, but beginning with d: the 
ònormalizingó influence of the semi-tonal temperament (see 
[Beyhom, 2016] ) has most probably precipitated an exclusive 
semi-tonal ascending and descending bflat found in recent 
theoretical literature ( Fig.   4) ð see [Beyhom, 2003c] , Vol. 1, Part I . 
55 As noted above, elsewhere, bð may be used for bb. 
56 Depending on the transliteration and, or, on local 
pronunciations: SקKȱ, SEGAH, SEH-GȱH, etc. 
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to the context of the performance, or depending on the 
local repertoire (  Fig.   5). 57

 

 
 Maqŋm Rŋst and Bayŋt scales in the Modern quarter-Fig. 4

tone theory. 
In this maqŋm, the position of the degree SקKȱ 

58 (eð 
in Western equivalence) has a lower pitch in Lebanese 
folk music than it has in Classical Arabian music in the 
Near-East. Should we decide to use a quarter-tone 
approximation for the intervals in Arabian music, as 
most modern theoreticians do, then the two zalzalian 
intervals between d and eð and between eð and f are 

 
57 The positions of the notes in the maqŋm, including the 
fundamental, may vary slightly during performance. See 
[Beyhom, 2006, p. 18ð24] , [2007a, p. 181ð235]  and [2016] . 
58 I write note names fully capitalized, mode names with an initial 
capital letter and polychord (or genus) names with no capital 
letters, to differentiate for example the note  SקKȱ from the mode 
Sӽkŋ and from the trichord sӽkŋ in Arabian music.  

conceptualized as two three-quarter-tones intervals 
( Fig.   4). However, with the Dal ₱na, in maqŋm Bayŋt, 
Near-Eastern folk music has a lower eð, which, 
regardless, is considered as a SקKȱ, but the lower 
interval between d and eð, the lower mujannab, is 
smaller than an exact three-quarter-tone ( Fig.   5), and 
the higher interval between eð and f is larger.  

59
 

Furthermore, the positioning of the SקKȱ depends 
on which maqŋm is played as well as region and 
repertoire. A good example is in the difference 
between the position of the SקKȱ in the maqŋm Bayŋt 
and the position of the same note in the maqŋm Rŋst 
which in this case is higher in pitch, but lies 
approximately around the three -quarter-tone 
boundary.  

In the maqŋm Sӽkŋ, 

60 or one of its frequent variants, 
the maqŋm Sӽkŋ-Huzŋm, 

61 the position of SקKȱ is still 
higher and could sometimes reach the upper value of 
Urmawϳõs greater mujannab. This is the position 
assigned to this note in modern Turkish theory.  

62 
The boundaries for these different positions for 

SקKȱ are not established in practice, and the study of 
its variations would require another paper. This pitch 
is perceived as a SקKȱ anywhere the player may 
perform. The difference is quantitative. However, the 
relative positioning of the note which is placed 
between eb and e, will always be perceived as a SקKȱ.  

 
 

 
59 This and the following explanations are based on the authorõs 
own experience while practicing Lebanese folk tunes, as well as on 
interval measurements of performance examples in various modes 
including the degree SקKȱ; on thorough discussions with teachers 
of Arabian music (mainly on the ₱d), and also on an extensive 
and systematical study of contemporary maqŋm theories in the 
Near- and Middle-East. For the latter see for instance [Beyhom, 
2003c]. 
60 The mode Sӽkŋ traditionally begins with the note SקKȱ. 
61 The two are commonly used both with Classical and Folk 
Arabian music in the Near-East. 
62 [Signell, 2002] . Turkish (classical) modern theory uses the HC 
approximation for its intervals. In practice, however, as Signell 
stresses (p. 37-47) and the way in which many contemporary 
Turkish musicians perform (as underlined for Kudsi Erguner on 
Nŋy or for Fikret Karakaya on the  Lyra in [Beyhom, 2006 ; 2016]), 
the note SקKȱ tends to be played lower than its assigned value 
(that is e minus one comma in Turkish theory), notably in maqŋm 
Rŋst, ‒abŋ and Bayŋt. 
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 Repertoire or regional variations of SקKȱ and of the zalzalian seconds ð this emendated figure is taken from [Beyhom, 2016] . Fig. 5

 
Therefore, the conceptual understanding of the 

zalzalian second is not simply quantitative, but also 
relative and qualitative.  

63  
 
63 The difference between the mobile notes of Ancient Greek 
theory and the variable position of the single note SקKȱ lies in the 
fact that mobile notes may move from one position to another in 
the general scale, whilst the variability of the degree SקKȱ, for 
example, involves only one position in the general scale, which 
varies. An example of mobility is a change from pitch e to pitch eb, 
when a minor tetrachord d e f g modulates into a Kurd tetrachord 
(or also as the introductory tetrachord in the flame nco scale, 
starting with d: d eb f g), while the position of SקKȱ may vary 
depending on a certain number of factors, but its relative 

 

Importantly, the mujannab is perceived as an 
intermediate interval between the one ôhalf-toneõ and the 
ôone-toneõ intervals. This applies for all other intervals 
such as the semi-tone which is an interval smaller than 
the mujannab, and to the ôone-toneõ interval which is 
larger than the latter.  The tonometric value of mujannab 

 
positioning in the scale remains the same (it is still considered as 
the same intermediate ð and identified ð pitch between eb and e, or 
eð), and the intervals it delimitates are identified, in the maqŋm 
Rŋst, Sӽkŋ and Bayŋt scales, as mujannab intervals. 



Amine Beyhom        A Hypothesis for Heptatonic Scales 

 
15 

may vary,  

64 but it is the relative position of the interval 
in the scale and its qualitative and relative size, 
compared to other conceptual intervals, which gives it 
its full value in the repertoire.  

To conclude on the nature of intervals in a scale, 
they are of three types 

65: 
1. An interval of measurement is an exact (or nearly 

exact) divider of other intervals. As a general rule, 
any musical system based on the equal division of 
the octave, as in an equal temperament, gives an 
interval of measurement, such as the semi-tone in 
the 12-ET, and with the quarter -tone in the 24-ET or 
the HC in the 53-ET divisions of the octave. 

2. Conceptual interval. This is one of the 
consecutive intervals of the second forming a 
musical system. For example, three seconds in a 
just fourth, four seconds in a just fifth, or seven 
seconds in an octave. Conceptual intervals can be 
measured either exactly or approximately with 
smaller intervals, usually of measurement, as in 
approximati ons using the quarter-tone or the HC. 

3. Elementary intervals are used in combination to 
build up to consecutive conceptual intervals of 
seconds within a system. They can combine 
either with a similar elementary interval, such as 
with the two leimmata in Urmawϳõs general scale, 
which combine into a mujannab interval, or with 
another elementary interval, such as the leimma 
+ comma, for the second form of  the mujannab, 
with Urmawϳ. 

66 
These three types of intervals are not mutually 

exclusive. When the smallest conceptual interval is also 
the smallest common denominator of all conceptual 
intervals, as with the semi -tone in the 12 -ET, then it 
becomes an interval of measurement, but it is also an 
elementary interval, although it remains conceptual 
when used as an interval of second within a musical 
system. The need to differentiate these three types of 

 
64 For example òthe SקKȱ in Lebanese Folk music is lower than the 
SקKȱ in  éó. 
65 To which we can add the Container (or Conta ining) intervals.  
66 Additionally, the Pythagorean comma is an auxiliary interval, i.e. 
an interval which is neither a measuring interval, nor conceptual. 

intervals arises within unequal temperaments, for 
example with Urmawϳ. 

67 
This distinction  will provide with a better 

understanding of the combination processes applied to 
music intervals. 

AP P L Y I N G  T H E  C O N C E P T  O F  Q U A L I T A T I V E 
DIFFERENTIATION OF INTERVALS ON URMAWЧõS SCALE 
Urmawϳõs explanations about his scale show that 

the (òmajoró, Pythagorean) tone is composed of three 
elementary intervals and that no interval within the 
fourth may contain either three successive leimmata or 
any two successive commata ( Fig.   6). 

The comma is neither a quantifying interval as it 
does not divide exactly other intervals such as the 
mujannab or the tone,  

68 nor is it a conceptual interval, 
as it is never used as a melodic interval between two 
pitches in a modal scale. 

69 Furthermore, a comma is 
never used as the first interval of a combination, with a 
notable exception for the mujannab which can hold the 
form ôC+Lõ. 

A conceptual interval generally starts with itself or 
with another conceptual interval. The leimma, for 
example, is used both as a conceptual interval, the 
smallest interval used in any of Urmawϳõs modal scales 
and as an elementary interval used in the composition 
of other, relatively larger, conceptual intervals.  
With Urmawϳ, both the comma and the leimma, are 

elementary intervals. However and additionally, the 
leimma is also a conceptual interval. 

 
67 The urge for such a concept is even more evident with music 
not responding, partially or completely,  to temperament, such as 
we have with traditional a capella singing worldwide.  
68 At least in Urmawϳõs concept of the scale: it is much later in the 
history of music theory that some theoreticians began using the 
Holderian comma as a measuring interval for approximating 
Pythagorean intervals, but this can not apply to theoreticians of 
the Western òMiddle Agesó who dealt mainly with Pythagorean 
frequency (or string) ratios for interval handling ð see [Beyhom, 
2016] . 
69 This means that a melody would not, in the modal or maqŋm 
music described in Urmawϳõs theories, move directly from one 
pitch to another, one comma apart, unless this process is used in 
performance as an intonation variati on within the original melody 
(in which case the size of the comma is approximate). This is still 
the case with Arabian music, but where the quarter -tone is the 
elementary interval of the 24 -ET ð see the example of maqŋm Awj-
ȱra in Part II and footnote 147. 
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 Obtaining the 5 qualities of seconds in Urmawϳõs theory: the semi-tone is the smallest conceptual interval, and is modeled Fig. 6

with a leimma. Other intervals within the fourth are modeled from a first leimma, augmented with a combination of commata and 
leimmata, bearing in mind that no more than two leimmata in a row, and no successive commata, may be used. The mujannab has two 
possible sizes, but contains in both cases two elementary intervals. All intervals larger than the semi -tone have two different 
possibilities for combinations  of elementary intervals.  

 
In modal construction, and wi th an appropriate 

choice of pitches within the scale, with Urmawϳ, there 
are other conditions to be met. These include, for 
example, the inclusion of the fourth and of the fifth. 
They must be complementary in the octave. With such 
limitations, we can conceptualize the intervals of 
adjacent seconds in Urmawϳõs modes in the following 
way ( Fig.   6): 

1. A conceptual interval of one semi -tone is 
composed of a single interval, part of the scale. 
Since the smallest conceptual interval is the 
leimma, we may conclude that the semi-tone is 
equivalent to a leimma. 

2. The mujannab, or zalzalian second conceptual 
interval is composed of two elementary intervals 
of the scale: the mujannab can be either 
composed of one leimma + one comma, L+C, or 
of two consecutive leimmata, L+L. It is the only 

interval with Urmawϳ, listed among intervals 
smaller than the fourth which may have two 
different sizes.  
¶ As a corollary to this, two mujannab may follow 

each other, but only if they have a different 
composition such as when one is L+C and the 
other is L+L (or L+L then C+L).  

70 
3. The tone is composed of three elementary 

intervals. However, a) three leimmata must not 

 
70 The explanation of the (theoretical) role of two consecutive 
mujannab lies possibly in the perception of this interval as being 
the result of the division of the one -and-a-half-tones interval in 
two smaller intervals  (more information about this process can be 
found in [Beyhom, 2005] ), in which case, any two mujannab in a 
row must add up, at least in theory, to the greater tone shown 
in  Fig.   6, i.e., composed of 3 leimmata and one comma: the only 
possibility for this is that the two mujannab be of different sizes. 
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follow each other,  

71 and b) the comma must 
always be preceded or followed by a leimma. In 
this case, the tone can only include two leimmata 
and one comma, with two possible arrangements: 
L+L+C, or L+C+L.  

4. The greater, or augmented conceptual interval of 
the tone is composed of four elementary 
intervals. It can only be made up of three 
leimmata and one comma. They can only be 
arranged in this manner: L+L+C+L or 
L+C+L+L. This interval is not mentioned in the 
Book of Cycles. It is only assumed as part of 
Urmawϳõs seconds. 

5. The greatest conceptual interval of the second is 
made up of 5 elementary intervals because the 
fourth can only be composed of a maximum of 
seven elementary intervals, within the 
systematic 

72 general scale. However, two other 
intervals of second (conceptual interval) are 
needed for its completion. Since the smallest 
second is the semi-tone, the leimma, the greatest 
conceptual interval is equal to the remainder 
coming from the subtraction of two leimmata 
from the fourth. The fourth is composed of two 
tones and one semi-tone, i.e., [2  (2L+C) ]+L, 
or 5L+2C. Taking away two leimmata, the 
resulting capacity of the greatest conceptual 
interval in a fourth is 3L+2C. Applying the rules 
of construction of the intervals, such as no more 
than two leimmata in a row, etc., the possible 
forms of the greatest second, or tone, in Urmawϳ-
type scales are L+L+C+L+C, or 
L+C+L+L+C. This interval is not mentioned as 
such in the Book of Cycles but is also assumed. 

The fourth needs a combination of smaller intervals 
so that their sum can add up to its capacity in terms of 
elementary intervals. In order to simplify the process, I 

 
71 Because three small intervals are necessarily bigger than a 
mujannab, which means that their sum must necessarily be equal 
to the one-tone Pythagorean interval, which stands next in the 
row of conceptual intervals.  
72 The òSystematist scaleó is the name given to Urmawϳõs scale by 
Western musicologists, and his followers are known as the 
òSystematistsó. 

shall use a simple handling of numbers equating to the 
conceptual intervals of the second with Urmawϳ: 

73 
1. The semi-tone equals number 1, as one 

elementary interval is needed to compose this 
conceptual interval.  

2. The mujannab is given the value of 2 since two 
elementary intervals are needed to build it up to 
a conceptual interval.  

3. The tone interval is given the value of 3 since it 
needs three elementary intervals. 

4. The Greater tone has the value of 4 since it 
requires four elementary intervals.  

5. The greatest interval of the second within a 
fourth has the value of 5 because it needs five 
elementary intervals. 

Although having a quantitative function in terms of 
numbers of elementary intervals which make up a 
conceptual interval, numbers 1 to 5 express the 
intrinsic quality of the interval: its (theoretical) 
identification as a different conceptual interval from 
those represented with another number. As a common 
rule, the fourth is mad e up of three conceptual 
intervals. In order to comply with Urmawϳ, they must 
add up to seven elementary intervals. 

Reduced to their hyper-systems, we have the 
following:  

1. 115, with 1+1+5 = 7 (not in Urmawϳõs Book of 
cycles) 

2. 124, with 1+2+4 = 7 (not in Urmawϳõs Book of 
cycles) 

3. 133, with 1+3+3 = 7  
4. 223, with 2+2+3 = 7  

Therefore, in this case, a fourth may contain, either 
1) two semi-tones, ô1õ, and one greatest interval of 
second, ô5õ, or 2) one semi-tone, one mujannab, or 
zalzalian tone, ô2õ, and one augmented, or greater tone, 
ô4õ, or 3) one semi-tone and two intervals of one tone, 
ô3õ, or 4) two mujannab, or zalzalian tones and one one-
tone interval.  

The algorithm for these hyper -systems is straight 
forward ( Fig.   7): 

 
73 One could also use corresponding letters, for example S, M, T, 
etc., for the combination process: numbers have the same 
discriminating power, but have the advantage of allowing a quick 
check of the sum of the elementary intervals in the series.  
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1. To find the first hyper -system, ( Fig.   7, first step) 
take the smallest conceptual interval, 1 twice in 
this case, and then deduce the value of the third 
interval by subtracting the quantitative value of 
the first two, which adds up  to 2 elementary 
intervals, from the value of a fourth, or 7 
elementary intervals, which gives 5.  

2. The second hyper-system, the 124 hyper-system 
above, is obtained by decrementing the value of 
the last digit interval in the preceding first hyper -
system, ( Fig.   7, second step) and by incrementing 
accordingly the value of the interval standing just 
before in the series: the last digit in the first 
hyper-system is 5, which is decremented to 4, 
and the interval which precedes it, which is the 
central 1 in the 115 hyper -system, is 
incremented, accordingly, to 2.  

3. The simultaneous decreasing of one interval 
value by one unit, or its decrementation, with the 
increasing of one other interval value by the 
same unit of one, or accordingly incrementing it, 
insures that the sum of the numbers in the series 
remains unchanged. Here it is equal to 7. 

4. Applying the same process to the resulting hyper-
system 124, ( Fig.   7, second step ñ repeated) the 
third hyper -system is now 133.  

5. Applying the same process to this last hyper-
system would result in 142.  

The capacity of the last series is, however, the same 
as for 124. The reason is that in the preceding 133, the 
last two intervals were equal but with the continuation 
of the process in the same way, interval values for the 
central ô3õ are the same as the preceding values for the 
last ô3õ, i.e., 4 and 5, and reciprocally, which would 
result in the same composition of intervals, in terms of 
quantity, within the fourth.  

74  
At this point, we need to improve the algorithm in 

order to find the remaining hyper -systems. This is done 
by decreasing the rank of the intervals to be modified 
by applying the same process to the interval the rank 
of which is immediately below the rank o f the interval 
to which the decrementing process was last applied, 
i.e., 133. The latter is the third interval in the series 
 
74 With this algorithm intervals change, but they have a fixed sum, 
here 7 elementary intervals. This condition limits drastically 
interval variation.  

and now we must decrement the second interval in the 
series, and increment, accordingly, the preceding one, 
the first interval in t he same series.  

 
 An algorithm for hyper -systems. Fig. 7

Applying this process to 133 which we found in the 
preceding step, the second interval, central 3 ( Fig.   7, 
3rd step) is decremented to 2, and the first interval, 1, is 
incremented to 2 (as well), whilst the third interval, 
which is the last 3, remains unchanged. This gives the 
new figure of 223. This is where the generation process 
ends since the two first interv als have now similar 
values. Any further step would generate a redundant 
hyper-system. 75  

 
75 This simple algorithm is used for computer combin ation 
processing and is very efficient for larger interval series as, for 
example, a heptatonic scale: it is applied in a more elaborate 
formulation in the generative procedures used by the theory of 
Modal systematics, which allow a complete survey of hype r-
systems, systems and sub-systems as they shall be defined below. 
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Now that we have determined the hyper -systems 
agreeing with Urmawϳ, we need extract all possible 
tetrachords and shades to give the full range of 
intervals in the fourth. The next section will review 
combination processes of intervals, for any hyper-
system. 

Various forms of interval combination 
There are different methods for combining 

intervals. One is the rotation and the other the 
permutation process.76 These are the most common. 
Rotation was used, notably, by Aristoxenos in his 
Elements of Harmonics, 

77 and permutations were often 
used throughout history, and most probably by Fŋrŋbϳ 
in his tetrachords, adding to Aristoxenosõ range of 
tetrachords. 

78 Both processes are deficient since they 
do not give, in their simplest expression, a full account 
of all the possible combinations. The tree process given 
below has the whole range of results. However, this is 
more related to statistical and probabilistic  analyses. 

There are other procedures, such as de-ranking, 
which can be considered as a general case of the 
Byzantine-wheel method. Modal systematics uses them 
all for the purpose of arranging and classification, with 
special recourse of the de-ranking pro cess. 

ROTATION OF INTERVALS 
Rotation ( Fig.   8) is a straight forward process by 

which intervals may be combined, placing the first 
after the last one, or inversely, the last before the first, 
leaving the other intervals in their position.  

 
76 The permutation process(es) are explored in Appendix H. 
77 English translation in [Aristoxenos and Macran, 1902 ; Barbera, 
1984] , aforementioned. 
78 The additional tetrachords of Fŋrŋbϳ are what I call the zalzalian 
tones tetrachord (which is equivalent to the Arabian bayŋt), and 
the original equal -tones tetrachord: expressed in multiples of 
quarter-tones, the first genus can be represented by 3 3 4, or three-
quarter-tones, three-quarter-tones, and one one-tone, intervals. In 
its essence, it is equivalent to the equal diatonic (ascending) 
tetrachord of Ptolemaos with successive string ratios of 11/12, 
10/11 and 9/10. For a general survey of Greek genera, see 
[Barbera, 1977] , notably p.  296, 298, 302, 303, 307, and 
[Math iesen, 1999], p. 468-75. The second addition of Fŋrŋbϳ, the 
equal-division tetrachord (or equal -tone division of the 
tetrachord), is composed of three identical intervals each of which 
has a size of 5/6 tone (see [Fŋrŋbϳ (al-), 1930, v. 1, p. 58ð59] , and 
Appendix 3 in [Beyhom, 2016] ). 

The first method is a clockwise process which 
continues as long as the first interval does not come 
back to its initial position, obviously.  Fig.   8 shows that 
this process generates intervals in three different ways 
(the first does not rotate since it places the interval 
system in its original and basic position).  

 
 Rotation of three distinct intervals a, b and c with the Fig. 8

three resulting combinations.  
 

However, the rotation process is defective, as it 
always gives three possible combinations of three 
intervals, whenever the combination possibilities for 
these three intervals allows for six different 
combinations.  

79 For the purpose of his explanation, 
Aristoxenos used intervals of the enharmonic 
tetrachord which are made up of two quarter -tones 
and one ditone, that is two equal intervals out of three.  
 Fig.   9 shows intervals with subscript numbers so 

that they retain their initial rank in the basic 
configuration, that is a 1 as the first interval of the basic 
configuration, a 2 as the second and b3, as the third.  

 
 Rotation of three intervals out of which two (the ôaõ Fig. 9

intervals) can be considered as equivalent (the subscript 
numbers identify the initial rank of each interval in the 
original ð basic ð combination): the outcome is still th ree 
distinct combinations.  
 

 
79 The total number of combinations is obtained through the 
formula N! (or N factorial), in which N is the number of intervals 
to combine. Here, we have 3! (or three factorial) which is equal to 
3 x 2 x 1  =  6. On the other hand, any rotation (or, here, 
combination of three identical intervals would give the same 
redundant combination, like in a a a, for example.  
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Even then, the rotation process gives three distinct 
combinations. If the three intervals are equal to 
Fŋrŋbϳõs equal-tone distribution where each is 5/6 of a 
tone, a combination process, whatever it may be, will 
always give the same result as combining the three 
intervals a a a. 
Other processes are more effective but Aristoxenosõ 

use of this limited process might have been a 
consequence that he considered interval combination 
as a de-ranking process. 

TREE PROCESSING 

80 

In the tree processing the combinations are based 
on an initial choice of intervals, rank by rank (  Fig.   10).  

 
 Tree processing for three intervals.81 Fig. 10

With the first rank, we may choose between the 
three intervals a1, a2, or b3 (the subscript plays here 
more the role of identifier for each interval , than the 
role of an initial rank number).  

Having completed this first step, we still have two 
intervals of which one must be assigned to the second 
position in the series. The third step leaves us with one 
 
80 This process is used in statistical and probability algorithmic, 
which is historically a recent domain in science . Reminder: the 
permutation processes, combined with rotations, are explained in 
Appendix H. 
81 See previous figure: the outcome is 6 distinct combinations as in 
the rotation/permutation procedure (see Appendix H), but the 
result is straight forward; however, if ôa1õ and ôa2õ be considered as 
identical, there would remain only three distinct combinations out 
of six possibilities.  

possibility since two out of three intervals hav e already 
been used. 

The process is straightforward as it gives directly 
the six distinct combinations seen above. There are no 
redundancies although intervals a1 and a2 could be 
taken as equal. In this case, again, we only have three 
distinct combinations.  

The tree processing method is rarely used for 
combination of intervals and this is one of the reasons 
why we have to explore further the de -ranking process 
which is of  crucial importance in Modal systematics 

82 
as it is a practical way for arranging and classifying 
large numbers of interval combinations, such as in the 
heptatonic scales. 
THE DE-RANKING PROCESS, OR PICKING INTERVALS ôNõ IN A 
ROW OUT OF REPEATED SERIES OF ôMõ CONJUNCT 
INTERVALS ð HYPER-SYSTEMS, SYSTEMS, AND SUB-SYSTEMS 

De-ranking is closely related to rotation. It is very 
useful and in the study of musical systems applies 
mostly to the double octave. In a reduced form, the de -
ranking process takes it that a series of conjunct 
intervals is repeated a certain number of times, for 
example for in the series a1 a2 b3 a1 a2 b3 a1 a2 b3é 

83  
By de-ranking the first interval, we start the series 

of intervals by the first interval a 2 instead of the first 
interval a 1. We may consider this process as a rotation 
of intervals where the first a 1 goes to the end of the 
extended series. If we choose N intervals out of a 
repeated pattern of N intervals, this process is a 
repeated rotation  

84 where N = M = 3. (  Fig.   11) 
In a more general application of this process, N 

intervals in a row are taken out of a series of M, 
repeated at least once, with both N and M being 
integer numbers. In the case of five intervals a b c d e  
repeated once in a row, for example ( Fig.   12), we can 
pick up any series of three conjunct intervals to form  a 
combination. The first ranking combination is a b c, 
the second b c d , the third c d e, etc.  

 

 
82 And for music theory as a whole.  
83 This process is called the Wheel by Byzantine chant 
theoreticians. It is applied to intervals composing a fifth repeated 
in a row. See [Giannelos, 1996, p. 89], òLe syst¯me de la roueó, 
and [Beyhom, 2015a]. 
84 In which case the procedure is called òcalibrated de-rankingó. 
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 Endless rotations of intervals as a particular  case of Fig. 11

the de-ranking procedure.85
 

 
 De-ranking procedure applied to three successive Fig. 12

intervals picked out from a double row of five intervals.  

86
 

If we apply this process to a double heptatonic 
tense diatonic (ditonic) scale,  

87 and in turn select seven 
conjunct intervals among the fourteen of the series 
( Fig.   13), beginning with the first interval, the second, 
the third, etc., and until the seventh, we obtain the 
seven different species of the scale 

88.  
In  Fig.   13 the basic scale is 1 2 2 1 2 2 2, in which 

intervals are expressed as multiples of the semi-tone.  
This corresponds to the ditonic, and here also, the 

equal temperament Western scale beginning with B or 
its equivalents (b, bõ, etc.), or B 1 (semi-tone) c 2 d 2 e 
 
85 By picking three (N) conjunct intervals, out of three (ôM=Nõ) 
endlessly repeated intervals, beginning with the first, then the 
second, etc., we end up applying a rotational procedure with, as a 
result, an endless series of redundant combinations. 
86 There are five distinct combinations out of eight, the last three 
being redundant with the first three.  
87 Starting here with B, for reasons explained farther. 
88 Which are named sub-systems in the theory of Modal 
systematics. 

1 f 2 g 2 a 2 (b). Of all possible species of the double 
ditonic octave, this scale corresponds to the lowest 
value when expressing the concatenated intervals as an 
integer number. 

 
 Calibrated 

89  de-ranking procedure applied to two Fig. 13
identically composed octaves in a row.  

90 
With modal systematics, the first in a series of de-

ranked combinations is considered as the basic 
system. 91 The others, in this example, are sub-systems 
of system 1 2 2 1 2 2 2 ( Fig.   14).  

 
 Results of the de-ranking procedure as applied in Fig. 14

Modal systematics to the Western ditonic scale. 

92
 

 
89 I use òcalibratedó to characterize de-ranking when it is similar 
to rotation ð see footnote no. 84. 
90 Seven species (or sub-systems in the theory of Modal 
systematics) may be extracted through the procedure ð see also 
footnote no. 87. Calibrated de-ranking only will be u sed through 
the remaining part of the article, and shall simply be called òde-
ranking processó or òde-rankingó. 
91 Together as the first sub-system of the series. 
92 The sub-system having the smallest figure as a whole number 
(as an integer concatenated form), is sub-system 1 2 2 1 2 2 2 (in 
concatenated form 1221222, or ôone million two hundred and 
twenty one thousands and two hundred twenty -twoõ). All other 
sub-systems have a corresponding integer value which, if their 
intervals be concatenated to form an i nteger number, is larger 
than the former. Consequently, in modal systematics, the 
combination 1 2 2 1 2 2 2 holds the head rank among these 7 sub-
systems and is considered as being the basic system from which 
the six others are deduced by the de-ranking pr ocedure (the basic 
system is, besides being the head or base system, the first sub-
system in the group of seven). The capacity indicator of these sub-
systems is hyper-system 1 1 2 2 2 2 2 (two one-semi-tone and five 
one-tone intervals) . 




























