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EDITORS’ LETTER

“In order to be a perfect theoretician, whatever the science, three conditions are required:
[1] To know thoroughly all of its principles.

[2] To possess the ability to deduce the necessary consequences of these principles

in the beings (elements) which belong to that science.

[3] To have the ability to answer to flawed theories

and analyse thruth from untruths and amend errors”

Abii-n-Nasr Muhammad ibn Muhammad ibn Tarkhan ibn Uzlagh AL-FARABI |9%-10* centuries|,
The Great Book of Music

EVOLUTION, PROBLEMS AND ALTERNATE PROPOSITIONS FOR MUSICOLOGY AND ETH-
NOMUSICOLOGY"

It has become more and more difficult to study a field of science with polymathic abilities of phi-
losophers such as (al-) Farabi (Alfarabius) or (ibn) Sina (Avicenna). Musicology and ethnomusicology
are two — related - such fields for which the ongoing specialisation makes it virtually impossible to
embrace all their subdivisions. The second and third precept of Farabi in the epigraph to this editorial
are however still valid and apply to each and every field of science.

The call for papers of the 5" issue of NEMO-Online concerned itself with musicology and ethno-
musicology and focused on their evolutions and problems. As explained in the editorial of Volume 3
of NEMO-Online, “Orientalism by Edward Said shook-up the Academic Establishment as it reconsidered
the narrative conducted by scholars studying the ‘Orient’. Orientalists, according to him, have created
a phantasmagorical Orient, almost illusory and able to answer ostracizational needs for the coloniali-
zation of states towards colonized or dominated populations. Tumult and polemic raised by Said’s
book have not settled and are still ongoing to this day to the extent that Post-Colonial researches
flourished, mainly in the United States, during the last decades of the twentieth century, with a con-
stant anti-, counter- and para- and re-Orientalism as a contradictory analytical standard of Occidental-
Oriental relations. Strangely enough, and while almost all human sciences have been influenced or
contested because of the bouncing-back of Said’s turmoil, the science of musicology continued, unaf-
fected, on its course until today as if the particular, and very volatile, even arbitrary status of the art
studied by this field was shielded from any questioning of its seminality”.

! Notes: 1) The multilingualism in NEMO has led its editors into harmonizing English and French typographical conventions whenever possible. As
a result the reader may be surprised at times by unusual typography, consequence of this harmonization. 2) Each submission to NEMO is assessed
by at least two members of the editorial board. Some papers dealing with more complex themes would be submitted to external expertise. It remains
that opinions produced in any form in the present volume is the responsibility of their authors as well as the quality of the language in which the
contribution is submitted, this applying particularly to the English language.
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The response to this immobilism of (ethno) musicology came with two resolutely critical articles
by Bruno de Florence and Amine Beyhom. But it seemed to the Editorial Board that the subject was
far from exhausted, while no real alternatives were proposed in this fifth issue. This is the main reason
why the theme of issue No. 5 was pursued in issues Nos. 6 & 7, which are published in this fourth
volume, while stressing on alternate formulations of musicology and ethnomusicology. While the first
— preliminary — stage of an effective reconstruction is always a reasoned criticism of existing structures
and of obvious errors in the studied field, and while musicologists are — still — supposed to make
deductions based on previous or acquired knowledge of music or of its history, and correct possible
errors in the formulations of their predecessors while knowing that, eventually, their own errors would
be corrected by the future generations of scientists in the field, the vast domain of alternate formula-
tions is a necessary second step. Both the sixth and seventh issues of NEMO-Online propose such al-
ternatives.

NEMO-Online No.6

The first article of issue No. 5 is an expanded, updated and enriched reedition of Amine Beyhom’s
article “A Hypothesis for the Elaboration of Heptatonic Scales” previously published in the proceedings
of ICONEA 2008. New research since its first publication presented complementary and sometimes
clarifying facts which, with the evolution of terminology (see Beyhom’s “Lexicon” in NEMO-Online
Vol. 2 No. 2 - in French), made it indispensable to publish this new edition. In addition to the original
tables and figures, the author has complemented his paper with significant appendices which help
understand the complexity of scalar systemics. Moreover, Beyhom’s proposition is an unchallenged —
since 2003 - alternate proposition for the process of the formation of the heptatonic scale and competes
effectively with previous propositions based on Pythagorean thought or on the science of acoustics.

Follows Richard Dumbrill’s “The Truth about Babylonian Music” where this author systematically
contradicts theories written about Babylonian music theory since the nineteen sixties where, either
intentionally or by ignorance, Western musicologists have rejected all forms of Oriental structures from
Oriental music and force-fitted Oriental pitch systems into the Western carceral dictate. Dumbrill finds
there a continuation of Occicentricism which he opposes vehemently. His article is illustrated by a
music score, a tonographic reproduction of the intonations compared to the score of Hurrian song H6
with a midi reproduction of the same song including intonations and a recording of the song by Lara
Jokhadar, all three illustrations by Richard Dumbrill-Amine Beyhom-Rosy Azar Beyhom.

This number ends with Bruno Deschénes’ “A preliminary approach to the analysis of honkyoku,
the solo repertoire of the Japanese shakuhachi”. The article is based on the absence of modes in part
of the Japanese honkyoku repertoire, while composition is ruled mainly by the tone-color of the sounds
(we do not dare write “pitches”) played by the shakuhashu instrumentalist, at least in Traditional com-
position. It is certainly truly historically informative with its account of the absence of musicology
until the end of the nineteenth century in imperial Japan. The corpus of the paper resides in his analysis
of the Shakuhachi repertoire, with a theoretical background which is well-provided with the various
scales and manner with which they are played on this instrument. Deschénes gives a thorough analysis
of two Honkyoku pieces with Japanese score and annotated illustrations of some phrases of Daiwa gaku

using the MELODYNE software and concludes with a critical comment of Uehara and Koizumi’s “tet-
rachord” theory where he attests of Western influence and its inadequacy for the honkyoku repertoire.

iv



EDITORS’ LETTER / EDITORIAL /5 PN

NEMO-Online No.7

This issue features one unique dossier by Amine Beyhom entitled “MAT for the VIAMAP — Magam
Analysis Tools for the Video-Animated Music Analysis Project”. Beyhom stresses that musical notation
has been reputed as disqualified for the analysis of “Foreign” musics since — at least — the experiments
of Charles Seeger with the Melograph and that it is nevertheless still used as the main analytic — and
teaching — tool for these musics in most researches in musicology, and today in the teaching of these
musics in autochthonous conservatories. While Seeger’s experiments brought at his time cutting-edge
solutions — and alternatives — to score notation, surprisingly enough these solutions seem to have not
worked out very well in the long run.

The dossier includes three parts and relies on the pioneering works of Seeger — and other ethno-
musicologists — as well as on the improvements of his method that we have witnessed in the last
decades. The first part expounds the past, and on-going debates about the (mis-) use of score notation
as applied to “Foreign” musics, while the second part offers a retrospective of magam music notation.
The third part of the dossier describes different tools of pitch and spectrum analysis which help un-
derstand - and listen better to the analyzed music while exposing, in fine, the author’s work and
propositions for the implementation of video-animated analyses in the teaching of ethnomusicology
as one major basis for this teaching. The dossier is accompanied by a short power point show (PPS)
and 41 video-animated analyses (total time = 2 h 13 m).

Beyond problems raised within the articles in NEMO-Online Nos. 5 to 7 was a fundamental ques-
tion. Is music art or science? While issue No. 5 raised the premise of a musicological and ethnomusi-
cological scientification, the debate continued, and some alternatives were formulated in the following,
6 & 7 issues. We hope that future issues will bring more alternate formulations for what seems to us
today to be a domain of the sciences with multiple and outdated fundamental issues.
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EDITORIAL

« Pour étre un parfait théoricien, quelle que soit la science dont il s’agit ; il faut trois conditions :
[1]En bien connaitre tous les principes.
[2] Avoir la faculté de déduire les conséquences nécessaires de ces principes dans les étres

(les données) qui appartiennent d cette science.

[3] Savoir répondre aux théories erronées, et analyser le vrai du faux et redresser les erreurs »

Abi-n-Nasr Muhammad ibn Muhammad ibn Tarkhan ibn Uzlagh AL-FARABI |IX°-X° siécles|,

Le Grand Livre de la Musique

EVOLUTION, PROBLEMES ET PROPOSITIONS ALTERNATIVES POUR LA MUSICOLOGIE

ET L’ETHNOMUSICOLOGIE

Il est de plus en plus difficile d’étudier un domaine des sciences et d’en maitriser tous les aspects
comme pouvaient le faire des philosophes comme (al-) Farabi (Alfarabius) ou (ibn) Sina (Avicenna).
La musicologie et ’ethnomusicologie sont deux domaines apparentés dont les subdivisions et les spé-
cialisations augmentent continuellement, rendant virtuellement impossible une approche exhaustive.
Les deux derniers préceptes de Farabi dans I’épigraphe de cet éditorial sont néanmoins toujours d’ac-
tualité et s’appliquent a tous les domaines de la science.

L’appel a contributions du n° 5 de NEMO-Online concernait la musicologie et I’ethnomusicologie,
se concentrant sur les problémes minant les deux disciplines. L’éditorial du Volume 3 (n® 4&5) de
NEMO-Online rappelait déja qu’a « la fin des années 1970, un livre d’Edward Said avait secoué ’esta-
blishment académique, remettant en cause le discours orientaliste véhiculé par les chercheurs occiden-
taux qui, selon lui, ont créé un Orient fantasmatique et quasi-imaginaire, a méme de répondre aux
besoins d’ostracisation par les nations colonisatrices du Xix° et xx° siécles des populations colonisées
ou dominées. Les remous et polémiques causés par le livre de Said, loin de s’étre calmés, sont toujours
d’actualité de nos jours, au point que des recherches ‘postcoloniales’ ont pris leur essor — notamment
aux Etats-Unis — dans les deux derniéres décennies du xx® siécle, dans un processus constant d’anti-
orientalisme/contre-orientalisme/para-orientalisme/ré-orientalisme devenu une norme de I’analyse
contradictoire, de nos jours, des relations Occident-Orient.

Trés étrangement, et alors que toutes les disciplines des sciences humaines (ou presque) ont été
affectées ou remises en cause par les retombées du séisme saidien, la ‘science’ musicologique a conti-
nué, imperturbable, sur sa lancée jusqu’a nos jours, comme si le statut particulier, et particulierement
volatile — ou méme arbitraire — de I’art étudié par cette discipline la mettait a 1’abri de tout question-
nement, de toute remise en cause de ses fondements ».
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La réponse a I'immobilisme de la musicologie (et de I’ethnomusicologie) est venue avec deux ar-
ticles résolument critiques par Bruno de Florence et Amine Beyhom. Mais le sujet, aux yeux de la
rédaction, était loin d’étre épuisé et aucune réelle alternative ne fut proposée dans ce numéro 5. Ceci
est la raison principale pour laquelle I’appel a contributions fut reconduit pour les deux numéros sui-
vants de la revue — publiés dans le présent Volume 4 — augmenté, cependant, d’un appel a des formu-
lations alternatives de pans de ces disciplines, sinon de leur totalité.

Si la premiére phase d’une reconstruction réussie est une critique raisonnée et argumentée de ’exis-
tant. Les musicologues sont toujours supposés — de nos jours — arriver a leurs déductions en se basant
sur leurs connaissances préalables du domaine étudié et de son histoire, et supposés corriger les erreurs
de leurs prédécesseurs, si elles existent — sachant, néanmoins, que leurs propres déductions seront peut-
ére un jour remises en cause par les générations futures de musicologues. Une deuxiéme phase indis-
pensable d’une reconstruction de la musicologie et de 1’ethnomusicologie devrait logiquement étre
constituée de formulations alternatives. Les deux numéros 6 & 7 proposent de telles alternatives.

NEMO-Online n° 6

Le premier article de ce numéro est une version revisée et augmentée de I’article ’Amine Beyhom
“A Hypothesis for the Elaboration of Heptatonic Scales” précédemment publié dans les actes du col-
loque ICONEA 2008. Des recherches complémentaires depuis sa premiére publication et I’évolution de
la terminologie (voir le « Lexique » de Beyhom dans le numéro 2) ont rendu indispensable cette réédi-
tion que I'auteur accompagne d’appendices supplémentaires destinés a clarifier certains aspects de son
« Hypothése » heptatonique. Notons ici que cette hypothése n’a pas été contestée depuis sa premiére
formulation en 2003 et soutient efficacement la comparaison avec les théories pythagoriciennes de
I’échelle ou celles basée sur la résonance acoustique.

L’article de Richard Dumbrill qui suit s’intitule “The Truth about Babylonian Music”. L’auteur y
critique systématiquement les théories publiées depuis les années 1960 sur la théorie musicale baby-
lonienne dans lesquelles — que ce soit un processus conscient ou le résultat d’'une méconnaissance du
sujet — les musicologues occidentaux ont rejeté toute forme de structures musicales des musiques de
I’Orient et inséré de force des systémes musicaux de hauteurs dans un carcan occidental. Dumbrill
attribue ce genre de position a une continuation de I'occicentrisme auquel il s’oppose véhémentement.
L’article est illustré par une partition ainsi que par une reproduction d’un tonogramme des intonations
— comparées a la notation — du chant hourrite H6, et accompagné d’une reproduction midi du méme
incluant les intonations ainsi que par une interprétation par la chanteuse Lora Jokhadar, résultant tous
les trois de la collaboration de I’auteur avec Amine et Rosy Beyhom.

Le n° 6 se conclut par l’article de Bruno Deschénes “A preliminary approach to the analysis of hon-
kyoku, the solo repertoire of the Japanese shakuhachi” qui met en relief ’absence de modalité dans une
partie du répertoire honkyoku du shakuhashi et la prééminence des variations des timbres des sons émis
pour la composition — traditionnelle — dans ce répertoire. L’auteur nous informe notamment de 1’ab-
sence de musicologie en tant que telle au Japon impérial jusqu’a la fin du XIX® siécle, pour analyser
ensuite — et principalement — le répertoire Shakuhashi avec en arriére-plan une base théorique repro-
duisant les diverses échelles et les maniéres de les jouer sur I'instrument. L’auteur analyse également
dans le détail deux piéces du répertoire honkyoku tout en proposant des partitions japonaises et des
extraits ainsi que des analyses avec le programme MELODYNE pour chacune d’entre elles, et critique
en conclusion les approches « tétracordales » de Uehara et Koizumi, qu’ils considéere étre influencées
par I’Occident - sinon inadéquates quant a leur application a ce répertoire.
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NEMO-Online n° 7

Un seul dossier pour ce numéro, par Amine Beyhom sous le titre “MAT for the VIAMAP — Magam
Analysis Tools for the Video-Animated Music Analysis Project”. Beyhom rappelle les premiéres expé-
riences de Seeger avec le mélographe et s’étonne que la notation occidentale n’ait pas été disqualifiée
depuis pour les musiques “autres”. Plus encore, cette notation et ses avatars (notation numérique basée
sur I’échelle ditonique par exemple) est toujours utilisée comme principal outil analytique — et d’en-
seignement — pour ces musiques dans la plupart des recherches actuelles.

Le dossier est composé de trois parties principales dont la premiére est une discussion de la perti-
nence de la notation occidentale appliquée — notamment — a la musique du magam tandis que la deu-
xiéme partie est une revue des différentes notations historiques de cette derniére. La troisiéme partie
décrit rapidement les outils numériques actuellement disponibles pour 1’analyse du son et des lignes
mélodiques tout en exposant, en conclusion, les développements de la méthode de Seeger dont nous
avons été témoins dans les derniéres décennies ainsi que les améliorations apportées par 1’auteur aux
plus récentes réalisations en vidéo-analyse de la mélodie.

L’auteur conclut par un plaidoyer pour 'intégration de ces outils dans ’enseignement de base de
I’ethnomusicologie, et accompagne son dossier d’un exposé power point ainsi que de 41 vidéo-analyses
totalisant 2 heures et 13 minutes.

*

Au-dela des problémes soulevés dans les numéros 5 a 7 de NEMO-Online, une question fondamen-
tale a été posée: la musique est-elle une science, ou est-elle un art ? Les articles du n° 5 ont posé les
prémisses d’une scientification de la musicologie et de '’ethnomusicologie, tandis que les deux numéros
6 et 7 ont proposé certaines formulations alternatives d’aspects de ces « sciences ». Les éditeurs avaient
déja souligné, en 2016, l'utilité d’un débat autour de ces questions fondamentales : il faut espérer que
ce débat continuera avec de nouvelles propositions alternatives pour ce qui nous apparait aujourd’hui
comme un domaine de la science de la science comportant plusieurs aspects fondamentaux périmés.

viii
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* Amine Beyhom is currently the editor in chief of NEMO-Online
and director of the CERMAA (Centre de Recherches sur les Mu-
siques Arabes et Apparentées), a research center affiliated to the
FOREDOFICO foundation in Lebanon — he was at the time of the
reading of the original paper (2008), and until the publication of
the first version of this article (in 2010) an independent researcher
associated to the PLM Research group at the University of Sorbonne
—Paris IV.

1 End of 10%, early 11" centuries AD; in Arabic [Sina (Ibn) ou Avi-
cenne (0980?-1037), 1956], p. 40-44; and in French [Farabi (al-) et
al., 1935], p. 138.

2 This article is an emendated, updated and enriched version of the
paper entitled “A new Hypothesis for the Elaboration of Heptatonic
Scales and their Origins” [Beyhom, 2010a] published in the pro-
ceedings of the ICONEA 2008 Conference. New research since its
first publication presented complementary and sometimes clarify-
ing facts (some of them exposed in the authors publications
[Beyhom, 2012 ; Beyhom, 2014]) which, with the evolution of ter-
minology (see [Beyhom, 2013] - in French), makes it indispensable
to publish this new edition. Most of the tables and figures have been
reintegrated in the body text, and a dedicated appendix (Appendix
G) has been added concerning Octavial scales with limited transpo-
sition. To comply with NEMO-Online publishing policy, and as with
all articles of the review since Volume 3, the pdf version includes
bookmarks corresponding to the titles, sub-titles, tables and figures,
which should help the reader navigate between the different parts

Amine Beyhom A Hypothesis for Heptatonic Scales

“The double octave will not comprise,

in practice, more than fourteen intervals;

the octave, more than seven; the fifth, more than
four intervals and five degrees; the fourth, more
than three intervals and four notes; the tone,
more than two intervals. It is experience and not

the theoretical need which dictates it [...]”

[Ibn Sina (Avicenna) — Kitab-a-sh-Shifa’]*

FOREWORD?

As I pinpointed in 2003,? the reason for having eight
notes in one octave is an arbitrary concept. There are
diverging explanations of this common fact but none is
satisfactory. This article gives an alternative explanation
of this phenomenon. It is divided in two main parts:

» Part I, entitled “Differentiation, combination, se-
lection and classification of intervals in scale sys-
tems: basic Modal systematics”, offers another
view based on the theory of Modal Systematics,
where basic principles are explained together with
interval classification in the scale.

» Part II, entitled “Combining intervals in a system:
Statistical analysis”, is a statistical analysis on the

of the article; additionally, one Power Point show illustrating
(mainly) Appendix G with audio examples, is proposed as a com-
plement at http://nemo-online.org/articles. A few complementary
remarks: the ‘hypothesis’ is no longer new, and has never been chal-
lenged, to my knowledge, since its first publication in the Ph.D. the-
sis Systématique modale at the University of Sorbonne — Paris IV in
2003. It is published in this version as a complement to the dossier
on Orientalism and Hellenism [Beyhom, 2016] and to the “Lexicon
of modality” [Beyhom, 2013]. A copy of the original thesis
[Beyhom, 2003c] can be obtained from http://www.diffusionthe-
ses.fr/ (id.: 03PA040073; Réf ANRT : 41905) in printed form
(B&W), and the emendated full version, together with most of my
other musicological writings, are now downloadable free of charge
at http://foredofico.org/CERMAA/publications/publications-on-the-
site/publications-amine-beyhom as well as at https://hal.archives-
ouvertes.fr. Finally: my heartfelt thanks go to Richard Dumbrill
who invited me to participate in ICONEA 2008 (and who has read
the article at my place, as various constraints prevented my attend-
ance), translated the first version from the original French, then
helped emendate the English text for the present version. This was
even more welcomed as the original article (in French) was pro-
posed beginning 2004 to musicological French speaking reviews,
which did not accept it for publication.

3 In my thesis [Beyhom, 2003c].
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combination of intervals within the span of the just
fourth, the fifth and the octave. It explores the sys-
tematic combination of intervals in scale ele-
ments,* and their filtering according to criteria in-
spired from traditional musics.

» The Synthesis that follows allows for the hypothe-
ses on the formation of scale elements from the
fourth to the octave and the elaboration of the hep-
tatonic scale, and proposes clues in the search for
the origins of heptatonism.

It is followed by a series of appendices:®

e Appendix A: “Scale elements in eights of the
tone, within the containing interval of the fourth
(=20 eights of the tone)”,

e Appendix B: “Tables of the combination process
for a just fifth”,

e Appendix C: “Complete results of the semi-tone
generation within a Containing interval of fifth”,

e Appendix D: “Hyper-systems of the semi-tone
octave complete alphabet generation”,

e Appendix E: “Additional graphs for octave gen-
erations, with the extended alphabet”,

e Appendix F: “Synoptic results for the quarter-
tone generation”,

e Appendix G: “Octavial scales with limited trans-
position”.

e Appendix H: “Permutation processes for the
combination of intervals”.

e Appendix L:® “Core glossary”.

Whenever Parts I and II are based on a learning pro-
cess and explanations going from the simpler to the

* Be they included in a fourth, fifth or octave Containing interval: a
Containing interval (see Part I for the complete definition) is one of
the Acoustical structuring intervals in the scale (the Fourth, the
Fifth and the Octave), with no melodic role.

5 Former Appendix G in the 2010 version (complete database —
quarter-tone model with reduced alphabet of intervals — now Ap-
pendix I), and new appendices J (generation of systems with the
extended alphabet from 2 to 24 quarter-tones — raw results from the
program Modes V. 5) and K (17" of the octave full alphabet hep-
tatonic generations of systems) are too voluminous to be included
in the printed version: these can be downloaded from http://nemo-
online.org/articles.

6 See previous footnote.

7 With one incursion in the eights of the tone model.

8 These theories are explored at length, and refuted, in [Beyhom,
2016], Chapter III.

° Numbers 3, 4, 5, and 7, may play a role in the outcome of interval
combinations, as shown in Part II of this article.

10 [Crocker, 1963] and [Crocker, 1964]. The ratios 1:2 and 2:4 give
the octave; the ratio 1:4, the double octave; 1:3 the octave + the

more complex (semi-tone generation to quarter-tone
generations,’ in the frame of the fourth, then the fifth
and octave containing intervals), understanding the
Synthesis, while based on the results of the analysis, re-
quires no special insight in mathematics or statistical
knowledge.

Prefatory remarks

The reasons given as to why the modern scale is
made up of eight notes are unconvincing. Some suggest
numerical relationships and their properties and others
acoustic resonance.® There are also propositions stating
the obvious: it is as it is because it cannot be different.

The first reason is based on the properties of num-
bers. It offers two alternatives, firstly the magical prop-
erties of numbers, and secondly the ratios between
them. The first alternative is dismissed because it does
not relate to musical perception.® Since Greek Antiquity,
the second alternative has been the source of an ongoing
dispute between the Pythagorean and the Aristoxenian
schools.

The tetrad which was used by the Pythagoreans and
their European followers provides the ratios of the pre-
dominant notes of the scale, as the Greeks perceived
them.'® However, it does not give any clues, and no
other theory does, as to why the cycle of fifths, based on
ratio 2:3, should end after its seventh recurrence.!

Later developments led to scales with twelve inter-
vals, as in the modern European model, and seventeen
with the Arabian,'? Persian and Turkish paradigms.

fifth; 2:3, the fifth and 3:4, the fourth. These intervals were the prin-
ciple consonant intervals in Pythagorean and Aristoxenian theories.
In order of their consonant quality, first comes the octave, then the
fifth and lastly, the fourth — more detailed explanations are availa-
ble in Chapter III of [Beyhom, 2016].

1 Or twelfth, or more: see Chapter IIl in [Beyhom, 2016] for more
details.

12 T use the terms “Arabian music” as a generic concept applying to
maqam practice, although Farmer, in his “Greek theorists of Music
in Arabic Translation” [1930], writes that the use of “Arab” is well
attested, notably in note 1, p. 325: “I use the term ‘Arab’ advisedly,
just as I would use the word ‘English’, at the same time implying
the Scots, Irish, & Welsh. ‘Islamic’ or ‘Muslim’ will not serve, be-
cause Magians, Jews & Christians, contributed to this ‘Arabian cul-
ture’.” We shall include in this wide definition Turkish and Persian
music, as well as other magam music with, mainly, heptatonic
scales and “neutral” (this term is defined below) intervals used in
the latter.
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There are no reasons either for the fourth!® to be
made up of three, or for the fifth to be made up of four
intervals.

Then the Aristoxenian school raised a point of par-
ticular importance when it pointed out that the practice
of performance and the perception of intervals are the
keys to theory.'*

The Pythagorean construction of intervals, which in
part is based on superparticular intervals, '® misled
many theoreticians'® into believing that acoustic reso-
nance might explain the construction of the scale, on the
basis of its similarities with it. However, this is incon-
sistent with the predominance of the fourth in Greek
theory and, for example, in Arabian theory and practice
today. Acoustic resonance shows that the fourth is not
the consequence of a direct process.'”

13 Additionally, the (Neo-)Pythagorean cycle of fifths does not gen-
erate a fourth. The scale is the consequence of an ascending cycle
of fifths, bringing notes placed above the first octave back into it,
hence F G A B c d e. The fourth, ascending from starting F, is F-B
which is a Pythagorean tritone; see also Chapter III in [Beyhom,
2016].

14 [Aristoxenos and Macran, 1902], p. 193-198, notably (p. 193-
194): “For the apprehension of music depends on these two facul-
ties, sense-perception and memory”; or p. 197: “That no instrument
is self-tuned, and that the harmonizing of it is the prerogative of the
sense perception is obvious.”

15 Intervals with string/frequency ratios of the type (n+1)/n when
n is a positive integer.

16 See [Chailley, 1959] and [Chailley, 1985], p. 64-65.

17 Acoustic resonance is not a generative process as such, but it is
the consequence of the physical (and dimensional) properties of
matter set to vibration. The integration of acoustic resonance within
a generative theory is subjective as it admits that vertical relation-
ships cannot be unidirectional, ie., ascending; for the particular
case of the fourth, a computer program has been used to test this
hypothesis, up to the 1500" harmonic, and gave no exact matches
for the just fourth. A first approximation is found at the 341st har-
monic, with about 496 cents, then 499 cents with the 683" har-
monic. The closest is the 1365™ harmonic with 498 cents. The cal-
culations were based on the formula: i = 1200xIn (R)/In(2), where
4" is the interval in cents, ‘R’ the ratio of frequencies (the ratios of
frequencies are 341, 683 and 1365, respectively), and then extract-
ing modulo of (/1200). In analytical terms, the problem consists in
finding an integer J, which multiplies N, the frequency of the fun-
damental tone, and the ratio of which, to the nearest and lower oc-
tave (octaves of the sound with frequency N have the form 2*xN,
where k is an integer number) is equal to 4:3, or [(JXN)/(2"xN) =
(4/3)] (k is the power indicator of 2, with 2X x N being simply an
even multiple of N), which is not possible because in this case
[J=(2"x4)/3], and neither 4 nor a power of 2 (2¥) can divide 3 —
more about the Acoustic resonance theory in [Beyhom, 2016].

'8 [Helmholtz, 1895], p. 192-194 (figs 60A and 60B, p. 193). The
consonance of the fourth is explained in that two simultaneous
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There are strong arguments in favor of the conso-
nance with the just fourth.’® However, acoustic reso-
nance fails in that neither can it generate modal scales,'®
nor can it give satisfactory answers as to the number of
eight pitches in the octave, or four in a fourth.?

PART I. DIFFERENTIATION, COMBINATION, SELEC-
TION AND CLASSIFICATION OF INTER VALS IN SCALE
SYSTEMS: BASIC MODAL SYSTEMATICS

The study of interval combination within a fourth or
a fifth would have entertained scholars since music and
mathematics were found to suit each other. Aristoxenos
had limited combination techniques for his understand-
ing of what is commonly named genera,* but should be

notes at a fourth apart have some theoretical harmonics in com-
mon, as for example for two notes at (1) 300Hz and (2) at 400Hz,
which have common harmonics with frequencies equal to 1200,
2400, 3600Hz (etc.), ie., for every common multiple of 300 and
400 — more in [Beyhom, 2016].

1 In [Beyhom, 2016], Chapter III, I explain how the only conceiv-
able (melodic) scale in the Acoustic resonance theory is the zal-
zalian (ie. of the magamic type — see footnote no. 44) Ptolemaic
suite 8:9:10:11:12 which results in the “equal diatonic” pentachord
(expanded from the corresponding tetrachord with ratios
9:10:11:12). See also next footnote.

20 In order to assemble a very approximate octave made up of the
degrees of the ditonic (for “containing two tones in a Just Fourth”,
i.e. the so-called “diatonic” - in fact “tense diatonic” as reminded in
[Beyhom, 2016]) scale in Western theories of the scale, various res-
onance theories (mostly notations) generally end up at the fifteenth
harmonic (sometimes the sixteenth), which is a ‘b’ if the fundamen-
tal is ‘c’ or, ‘e’ if the fundamental is an ‘f. This is an arbitrary prop-
osition since no reason is given for having chosen the fifteenth har-
monic as a last pitch while this would require extraordinary hearing
powers, since this fifteenth harmonic placed right below the fourth
octave has generally little intensity. Therefore preceding pitches
from the 7%, 11% and 14" harmonics, theoretically, should be heard
much louder than the 15% harmonic.

21 This process is plainly explained in [Barbera, 19841, especially p.
231-232: “Aristoxenos has described the enharmonic genus in such
a way that there can exist only three species of fourth. This is so
because he has allowed only two different intervals, the enhar-
monic diesis or quarter-tone and the ditone, to enter his discussion.
Thus, we can arrange two quarter-tones and one ditone in at most
three different ways. Had Aristoxenos considered a chromatic genus
containing three different intervals, for example, 1/3 tone, 2/3
tone, and 1 %% tones, what would have been the result? Later writers
make clear that the six possible arrangements of these three inter-
vals were not all possible musically. In fact, only the first, second,
and third species were musical possibilities, ie., those species that
are arrived at by making the highest interval the lowest or vice
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considered as plain tetrachords as very few indications
on Music practice exist in Ancient Greek manuscripts.*
(Al-) Farabi* saw them as systematic combinations.**

The combination of intervals must obey rules. Thus
heptatonism is made up of a small number of consecu-
tive intervals which we shall call conceptual. They are
placed in larger containing?* intervals, such as the
fourth, the fifth or the octave. Aristoxenos used the
quarter-tone as the smallest interval in his scales and tet-
rachords. With Cleonidés the twelfth of the tone was a
common denominator for all intervals.?® Farabi divided
the octave in 144 equal parts.?” This is twice the amount
as in Cleonidés. This shows that Farabi was influenced
by the Harmonists, as Aristoxenos had them labeled.
These scholars were focused on tonometry and gener-
ally used a small common denominator for a maximum
of accuracy in their quantification®® of intervals.?® How-
ever, the Aristoxenian school* favored the largest pos-
sible common denominator, i.e., an interval which can
also be used as a conceptual interval (a second among
intervals building up to larger containing intervals such
as the fourth, the fifth or the octave).

versa, leaving the rest of the sequence un-changed. The three ar-
rangements that are not considered are neglected, I believe, because
they are not species of a musical genus. A genus is, after all, a tuning,
or more precisely, infinitely many tunings within firmly established
boundaries. Such tunings presume a musical scale or system as
background - a first note or string, a second note, third, and so
forth. One can focus attention on any four consecutive notes of the
scale and, depending upon the segment of the scale that is chosen,
one can discern a variety of species. At no point, however, can one
alter the sequence of notes of the scale. For instance, the third note
of the system never becomes the second note. Therefore, because a
system — the Greek musical scale - is assumed, and because species
must be species of a genus, there can exist only three, not six, species
of any specific tuning of a musical fourth” — this is further explained
in this article in relation to intervals combination.

22 See previous footnote; Greek manuscripts exist only as late copies
as pinpointed in Chapter I of [Beyhom, 2016].

2 There are two major theoreticians of Arabian music from old,
Abi-n-Nasr Muhammad ibn Muhammad ibn Tarkhan al-Farabi
(9%-10" centuries) and Safiyy-a-d-Din ‘Abd-al-Mwmin ibn Ydsuf
ibn (ab-i-1-Ma)Fakhir al-Urmawi (d. 1294). UrmawT’s theoretical
concept of the scale is a Pythagorean adaptation of the 17-intervals
scale found in all theoretical and practical writings on Arabian mu-
sic since Ya‘qtib ibn Ishaq Abi Yisuf al-Kindi (0801?-0867?), the
“Philosopher of the Arabs” who was the first to use Ancient Greek
theories to (try) describe Arabian music at his time — see [Beyhom,
2010b].

24 [Farabi (al-), 1930], p. 127: “Should a consonant interval be re-
peated within a group, the small intervals could be situated at dif-
ferent places in that group. Thus the fifth having been placed within
a group with a certain arrangement of its small intervals, one can,
within the same group have other fifths having their small intervals

Let us take a tetrachord®! with a semi-tone or a quar-
ter-tone as largest common denominator, within a
fourth. To find out how many semi-tones make up a
fourth, add semi-tones, one after the other until the
fourth is filled up (Table 1). These intervals make a form
of alphabet the letters of which being multiples of semi-
tones.

1 = 1 semi-tone

1 + 1 = 2 semi-tones, or one tone

1 + 1 + 1 = 3 semi-tones, or one-and-a-half-tones

1+ 1+ 1+ 1 = 4semi-tones or a ditone
1+1+1+1+ 1 = 5semitonesor the approximate fourth

Table 1

tones).

In Table 1, the intervals labeled 1, 2, etc., are inte-
gers. They are multiples of the largest common denom-
inator which is the semi-tone. If we place three intervals
in a fourth, other intervals may not fit in any longer.

Interval alphabet in an approximate fourth (in semi-

For example, if we place two of the smallest semi-
tone intervals, the largest interval to fill up the fourth is
one-tone-and-a-half, that is three semi-tones. When a

arranged in another way. For instance, the first interval in the first
arrangement might be the last in another. In the case an interval is
seen often in a group with its small intervals differently arranged,
each of these arrangements of small intervals form a genus, a spe-
cies, of a group. Within an interval, the arrangement of small inter-
vals it contains can be classified as first, second, etc., until the vari-
ous arrangements in this group are exhausted.”

% Or “container”, or “delineating”.

26 [Cleonidés, 18841, Lintroduction harmonique, (ed. and tr. Ruelle,
Ch.), notably §71: “Differences are produced numerically in the fol-
lowing manner. Having agreed that the tone is divided in twelve
small parts each of which called a twelfth of a tone, all the other
intervals have a proportional part in relation to the tone.”

27 [Farabi (al-), 19301, p. 59 sq.

28 Metrologic accuracy is essential to mathematical precision. How-
ever, Farabi himself acknowledges that music performance dis-
misses very small intervals in the scale — see [Farabi (al-), 19301, p.
174-176.

29 The “Harmonists” are supposed to have used the (exact) quarter-
tone as a common denominator for their scales: this may be short
of the truth (see Appendix 2 of [Beyhom, 2016]), as the Harmonists
had 28 (and not 24) “quarter-tones” in their scales.

30 Not Aristoxenos as he had a more complex understanding of in-
tervals (a fact that has been overseen by most followers and critics),
and used Pythagorean mathematics imbedded in his explanations
of typical tetrachords — see Appendix 3 of [Beyhom, 2016].

31 The term genus will only be used for the melodic expression of a
tetrachordal polychord (= “made of multiple conjunct intervals of
second”); the same applies, as pinpointed in [Beyhom, 2013;
2016], to the terms “mode” and “scale”.



fourth is made up of three intervals, the alphabet is re-
duced and has only intervals equating to one, two or
three semi-tones.

The tetrachords made from the systematic combina-
tion of the intervals in the alphabet constitute the well-
known six tetrachords of semi-tone scales (Table 2),
among which the first* and the fourth®, are mentioned
by Aristoxenos.

11 3 (semi-tone, semi-tone, one-and-a-half-tones) — “tonic
chromatic” of Aristoxenos

131 (semi-tone, one-and-a-half-tones, semi-tone)

311 (one-and-a-half-tones, semi-tone, semi-tone)

1 22 (semi-tone, tone, tone) — “tense diatonic” of Aristoxenos

21 2 (tone, semi-tone, tone)

221 (tone, tone, semi-tone)

Table 2  Species of tetrachords made from multiples of the
semi-tone.

The first three species® have two classes of intervals:
the semi-tone class, 1, and the one-and-a-half-tones
class, 3. This also applies to the three other ditonic® tet-
rachords, but in this case with intervals of one semi-
tone, 1 and one-tone, 2. Interval classes can be ex-
pressed as capacity vectors, according to the number of
intervals of each size they have (Table 3).

Another approach to the problem would devise a lit-
eral expression for the size of intervals expressed as mul-
tiples of the semi-tone, and then, arbitrarily, assigning
the system amounting to the least integer number, as
indicator of capacity.

A good example is the tetrachords with two one-
semi-tones and one one-and-a-half-tones additional in-
terval (Table 4). The digits of the intervals are concate-
nated in a single integer. The lowest number in the se-
ries of three is 113. If we assign the smallest number in
the series as a capacity vector, we need only count the
number of occurrences of each interval. We start with
the smallest one to find out what is the capacity of the
corresponding scale systems. This is known as a hyper-
system.

3241 1 3 (two adjacent semi-tones followed by one one-and-a-half-
tones interval): [Aristoxenos and Macran, 1902], p. 202-203.

3341 2 2’ (semi-tone, tone, tone): [Aristoxenos and Macran, 1902],
p. 204.
34 These are defined as sub-systems in Modal systematics.

Amine Beyhom A Hypothesis for Heptatonic Scales

Int. size:— 1 | 2 ‘ 3
Number of intervals
of this size contained Yestons
Tetrachords:| in the tetrachord
113 2 0 1
131 2 0 1 (2,0,1)
311 2 0 1
122 1 2 0
212 1 2 0 1,2,0)
221 1 2 0

Table 3 Capacity vectors for tetrachords on a semi-tonal ba-
sis.

From scalar systems to integer numbers
Capacity | Hyper-
Sub- concatenated
Read vector system
systems number
one hundred
113 113 ]
and thirteen
one hundred
131 131 . (2,0,1) 113
and thirty-one
three hundred
311 311
and eleven

Table 4 Expressing the scale systems “1 1 3”, “1 31” and “3
1 1” as integer numbers and deriving the capacity vector and
hyper-system (sub-system resulting in the smallest integer
number).

Taking, for example, vectors (2,0,1) and (1,2,0),
with corresponding hyper-systems 113 and 122 as basis
for generating remaining combinations, the intervals in
each hyper-system can be combined differently in three
sub-systems, or unique arrangements of intervals con-
tained in the hyper-system (Table 4).

The reason for this is that each model contains a
semi-tone which is repeated, in the first hyper-system
and two one-tone intervals for the second. The outcome
of the combination of intervals in a hyper-system con-
taining three different intervals would be different.
However, this configuration does not exist for semi-tone
integer multiples.

35 Understand as tense diatonic (or Western diatonic), as many other
shades of diatonic tetrachords exist as explained in [Beyhom,
2016], Chapter I, and in [Beyhom, 2010b; 2015b].
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Conceptual, quantification, and elementary
intervals: Understanding theory and practice

In the Western equal-temperament scale, * also
known as the 12-ET system (equal temperament with
12 intervals in the octave), both conceptual and quanti-
fication intervals may have the same value. The semi-
tone is half of a tone. It is the smallest interval and there-
fore divides the fourth into five semi-tones. The fifth, is
made of seven semi-tones: three tones and one half-
tone. The octave has twelve semi-tones, that is six tones.
The cent being equal to one hundredth of a semi-tone,
appears to be more accurate. However, it has little pur-
pose with the 12-ET since the semi-tone is the exact di-
vider for all larger intervals.

With other systems,*” the smallest interval used, in
theory, may neither be a divider of other intervals, nor
a conceptual interval, or an interval which is used in the

36 More than two thousand years ago, Ancient Greek theory in-
cluded the semi-tone equal temperament which is in use in most
Western music today (classical, to some extent, and pop music in
general), together with modern Arabian quarter-tone divisions of
the octave. Aristoxenos’ theory is reportedly based on an equal-tem-
perament division. He defines the fourth as composed of five semi-
tones (see [Aristoxenos and Macran, 1902] p. 208); in both Ancient
Greek theory and practice, however, equal-temperament was never
used, because exact computation of the intervals of equal-tempera-
ments was not possible. Moreover, and as reminded in [Beyhom,
2016] - Chapter I, Aristoxenos’ concept of the scale was never
based on equal-temperament. This is one of the reasons why inter-
vals functions must be differentiated from their measurements.

37 Such as many types of unequal temperaments.

38 UrmawT’s Book of cycles is extensively analyzed by Owen Wright
in The Modal System of Arab and Persian Music A.D.1250-1300,
[Wright, 1969]. There appears to be no translation in English. There
is a translation in French by Erlanger (1938) but there he refers to
a commentary (the Sharh Mawlana Mubarak Shah bar Adwar) which
he attributed to Safiyy-a-d-Din al-Urmawi, under the title of Kitab
al-Adwar [“Livre des cycles musicaux”], in La Musique Arabe, Vol.3,
[Urmawi (d. 1294) and [Jurjani (al-)], 1938]. In the same volume,
Farmer (p.Xm of Erlanger’s translation) ascribes it to ‘Ali ibn
Muhammad a-s-Sayyid a-sh-Sharif al-Jurjani.

39 Reminder: a stand-alone interval in the scale.

40 The Pythagorean comma amounts (notably) to six Pythagorean
tones (8:9) from the sum of which one octave is taken away. The
comma has the ratio of 524288:531441, which is about 23 cents.
This discrepancy can be described as the consequence of the Py-
thagorean tone, about 204 cents being slightly larger than the equal
temperament tone at 200 cents. Therefore, the octave is made up
of five tones and two leimmata. The Pythagorean fifth is made up of
three tones and one leimma (about 702 cents), and the fourth, of
two tones and one leimma (498 cents). The leimma is the ‘left over’
quantity between two Pythagorean tones away from a fourth. This
amounts to a ratio of 243:256, about 90 cents.
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scales and melodies of a particular type of music. An ex-
ample of it is the systematic scale defined in the first half
of the 13" century by Safiyy-a-d-Din al-Urmawi, in his
Book of cycles.®® There, the smallest conceptual inter-
val® is the leimma. The tone, is made up of two leimmata
and one comma, both Pythagorean.* The leimma is
equated* to the semi-tone. Therefore, a typical tone
may take the form L + L + C, where ‘L’ stands for the
leimma, and ‘C’ for the comma. Therefore, a pitch can be
placed in a scale on the boundaries of these intervals.*?

In this case, the leimma, and the comma play the role
of elementary intervals (they are used to make up other
intervals in the scale). However, the comma is not a con-
ceptual interval because it is never used as such between
neighboring pitches of a scale*® but only as part of an-
other and larger conceptual interval.

The comma and the leimma, make up conceptual in-
tervals used in the composition of other intervals such
as the “neutral* - or zalzalian — second, called mujannab

4l The leimma is (see previous note) the complement of the Pythag-
orean ditone within the just fourth of ratio 3:4.

42 One of Urmawi’s (intervallic) octave representations runs as: L L
CLLCLLLC LLGC LL C, L. Placing notes at Pythagorean
boundaries, we have ¢ (LLC)d (LLC)e (L) f(LLC)g(LLC) a’ (L
L Q) b’ (L) ¢’. In the magam Rast of Arabian music, as defined by
Urmawi, the boundaries stand differently: ¢ (LLC)d (LL) e (CL) f
(LLCgILLCa (LL)b” (CL) ¢ The intervals between d and e
(or for the latter a pitch which stands between e flat and e sharp)
and between e and f are the mujannab, or zalzalian seconds of
Urmawi. The same applies to the intervals between a’ and b* and
¢’. Their value is (L.+L) or (L.+ C), but both hold the same name of
mujannab, whilst intervals such as the leimma ‘L’ or the tone, have
one single interval capacity, that is one leimma for the semi-tone
(with Urmawi), and two leimmata and one comma for the tone.

43 Or in a melody.

44 Because this term, used by Orientalists, is biased and gives the
ditonic system the priority on other music systems (and compels me
to use double quotes for “neutral” all over the text of this article), I
shall use exclusively the term zalzalian from this point on to char-
acterize such intervals. As explained in [Beyhom, 2016], Zalzalian
divisions of the scale are generally deduced from the existence, in a
containing (or delineating) interval (i.e. a fourth, a fifth, an octave),
of small(er) structuring intervals the values of which are frequently
expressed as odd multiples of the (approximate) quarter-tone. The
term “Zalzalian” {from Mansiir Zalzal a-d-Darib, an 8"-9"-centuries
Gdist who was — supposedly — the first to introduce the fingerings
of the mujannab(s) - i.e. the so-called zalzalian seconds and thirds —
on the neck of the d} refers more generally to intervals (or musical
systems which use them) using other subdivisions as the semi- (or
“half-") tone, noticeably all the varieties of mujannab seconds
spreading from the exact half-tone to the disjunctive (Pythagorean)
tone — see Fig. 5: 14 (references to figures and tables have page



which, according to Urmawi, can be made up of two
leimmata (ie, L + L) or with one leimma plus one
comma (Le., L + Cor C + L).

The difference between the two zalzalian seconds,
ie, the difference between two leimmata and one
leimma plus one comma (Fig. 1), or [(L+L) - (L+C) =
(L - Q)], is about 67 cents, almost three Pythagorean
commata.

T=2L+C M, =2L M, =L +C
(204 cents) (180 cents) (114 cents)
C =
23,46
B
e
o
"
= - [} =
. L g §
g
g
&
90,22 cents E
C
L L L

Fig. 1 Urmawf’s tone (left) and two expressions of the mujan-
nab (center and right): T =tone, M =mujannab, L= leimma and
C=comma.

Conceptually, however, the two possible forms of
zalzalian seconds, with Urmawi, are equal (Fig. 2). Both
are called mujannab and considered as intermediate in-
tervals placed between the leimma and the tone.

numbers, when needed, after a colon); the same applies to interme-
diate intervals between the (exact or Pythagorean) tone and the
one-tone-and-a-half interval (either equal-tempered or Pythagorean
“augmented” second), etc.

4 According to Owen Wright (Personal communication).

46 [Urmawi (al-), 2001, p. 6].

47 The concept remains the same throughout history, and is based
on the division of the tone into three small intervals and on the di-
vision of the zalzalian second in two other, even smaller ones — see
[Beyhom, 2007c ; 2010b].

8 The modern concept of divisive commas is different from the An-
cient Greek concept based on ratios; therefore, the Pythagorean
comma is written in italics in this article, which is not the case with
the Holderian comma.
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Fig. 2 Excerpt from an autograph*® by Urmawi of the Book
of Cycles which illustrates the conceptual equality of the two
forms of the mujannab (and of the use of elementary intervals
as conceptually equal).*®

Arabian theory has hardly changed since Urmawi.*”
Modern scholars give two principal representations of a
scale with all possible locations of pitches. The first is an
approximation of the general scale with Holderian com-
mas,*® HC, henceforth, and the second uses the quarter-
tone for quantification.

A HC equates to 1/53% of an octave, about 23 cents
(22.6415)*. Therefore one leimma equates to four HC,
about 91 cents. This is close enough to the Pythagorean
leimma. The tone is 9 HC, or 204 cents, matching the
Pythagorean tone. Typically, a tense diatonic (or di-
tonic) tetrachord™ is modeled as a succession of two Py-
thagorean tones of 9 HC each, plus a leimma with 4 HC.
The mujannab of Urmawi, which amounts to a zalzalian
second, has two possible values in Modern Arabian the-
ories of the scale, 6 HC or 7 HC, but they are considered
as identical conceptual intervals (Fig. 3).5!

The first division of the octave, the 53-ET giving the
Holderian comma as a common divisor of all conceptual
intervals, follows, in Modern Arabian theory, complex
rules.>? The second division of the octave, in 24 theoret-
ically equal quarter-tones, will demonstrate a privileged
example of interval relationship.

49 Accuracy to the 4% decimal is needed only for computational pur-
poses as in practice anything under two cents is hardly noticeable —
more in [Beyhom, 2016].

%0 The tense diatonic [ditonic] genus is the Western paradigm as ex-
plained above.

°! For example in [Sabbagh (a-s-), 1950].

52 Sabbagh uses (p. 29 for example in the aforementioned book of
this author), the terms ‘flat plus one quarter’ for the note e in the
scale of the mode Radst, although the intervals that surround it are
different in size (6 HC and 7 HC). Much in Arabian theories of the
scale relies on prior knowledge of magam rules and on former the-
orizations — see also next footnote.
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Fig. 3 Comparison between the modeling of the Pythago-
rean tense diatonic scale (left) and of the Arabian Rast scale
(right) with Holderian commas.

At this point, it may be useful to explain how two
intervals, which are different in size, can, according to
Urmawi, be considered as identical conceptual inter-
vals.>

53 Conceptual intervals represent qualities of intervals when used in
a melody or a scale. Compared one to another, each has a unique
and identifying quality which relies on its relative size. These com-
pose the fourth, the fifth or the octave, and play a distinct role in
performance, bearing in mind fluctuations and regional preferences
which will be stressed for the degree SIKA in Arabian music for ex-
ample, (Fig. 5, p. 14) and identified by the performer as a semi-
tone, a mujannab, or a one-tone interval, and so forth. The Arabian
usage of the HC agrees with the adepts of Pythagoras who insisted
in the Pythagorean approximation of the Arabian scale, instead of
an equal temperament. The reason is that the odd number of HC in
one tone (nine) and its distribution among the Pythagorean leimma
(4 HC - sometimes called ‘minor’ semi-tone) and the Pythagorean
apotome (5 HC — sometimes called ‘major’ semi-tone) are good

12

The best example is with the magam Bayat (Fig. 4).
It is based on the same scale as the magam Rast. The Rast
scale is composed of approximate three ‘one-tone’ and
of four ‘three-quarter-tones’ intervals.

2o @ 0 o _
Interval capacity is given in quarter- _g % s g > E i
tones R B sl a¢g
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Fig. 4 Maqgam Rast and Bayat scales in the Modern quarter-
tone theory.

enough approximations and represent two different intervals when-
ever the mujannab intervals in Arabian music, conceptually equiva-
lent to one and single interval, may also be approximated to two
intervals of slightly different sizes, i.e., 6 HC and 7 HC, which, when
added, equate to the augmented second of the Western scales.
While Urmawi’s mujannab intervals could better be approximated
with 8 HC (for the two-leimmata mujannab) and 5 HC (for the apo-
tome-mujannab = leimma + comma), modern Arabian theoreticians
need to differentiate the latter interval from the semi-tone, and stay
close to the quarter-tone theory: this fact explains most of the in-
consistencies and problems with the HC notation found in the liter-
ature.



It could be notated as cd e fga b ¢’, with e and b
being approximately one quarter-tone lower than their
western equivalents. The scale of the Bayat is close to
the general structure of magam Radst, but begins with d
and has a (generally descending)* b, This gives d e f
gabbc’d’>®

The note e which has the same name in all theories
of the magam,* is placed differently according to the
context of the performance, or depending on the local
repertoire (Fig. 5).%

In this maqam, the position of the degree SIKA® (e
in Western equivalence) has a lower pitch in Lebanese
folk music than it has in Classical Arabian music in the
Near-East. Should we decide to use a quarter-tone ap-
proximation for the intervals in Arabian music, as most
modern theoreticians do, then the two zalzalian inter-
vals between d and e and between e and f are concep-
tualized as two three-quarter-tones intervals (Fig. 4).
However, with the Dal%ina, in maqam Bayat, Near-East-
ern folk music has a lower e, which, regardless, is con-
sidered as a SIKA, but the lower interval between d and
e, the lower mujannab, is smaller than an exact three-
quarter-tone (Fig. 5), and the higher interval between e
and fis larger.>

Furthermore, the positioning of the SIKA depends on
which magam is played as well as region and repertoire.

5% Magam Bayat ascending scale is often represented with the same
structure as magam Rast, but beginning with d: the “normalizing”
influence of the semi-tonal temperament (see [Beyhom, 2016]) has
most probably precipitated an exclusive semi-tonal ascending and
descending b™ found in recent theoretical literature (Fig. 4) — see
[Beyhom, 2003c], Vol. 1, Part L.

55 As noted above, elsewhere, b~ may be used for b’.

%6 Depending on the transliteration and, or, on local pronunciations:
SIKA, SEGAH, SEH-GAH, etc.

57 The positions of the notes in the magam, including the fundamen-
tal, may vary slightly during performance. See [Beyhom, 2006,
p. 18-24], [2007a, p. 181-235] and [2016].

%8 T write note names fully capitalized, mode names with an initial
capital letter and polychord (or genus) names with no capital letters,
to differentiate for example the note SIKA from the mode Sika and
from the trichord sika in Arabian music.

%9 This and the following explanations are based on the author’s
own experience while practicing Lebanese folk tunes, as well as on
interval measurements of performance examples in various modes
including the degree SIKA; on thorough discussions with teachers
of Arabian music (mainly on the %d), and also on an extensive and
systematical study of contemporary magam theories in the Near-
and Middle-East. For the latter see for instance [Beyhom, 2003c].
%0 The mode Sika traditionally begins with the note SIKA.

Amine Beyhom A Hypothesis for Heptatonic Scales

A good example is in the difference between the posi-
tion of the SIKA in the magam Bayat and the position of
the same note in the magam Rast which in this case is
higher in pitch, but lies approximately around the three-
quarter-tone boundary.

In the magam Sika,® or one of its frequent variants,
the magam Sika-Huzam,®' the position of SIKA is still
higher and could sometimes reach the upper value of
Urmawi’s greater mujannab. This is the position as-
signed to this note in modern Turkish theory.®?

The boundaries for these different positions for SIKA
are not established in practice, and the study of its vari-
ations would require another paper. This pitch is per-
ceived as a SIKA anywhere the player may perform. The
difference is quantitative. However, the relative posi-
tioning of the note which is placed between €® and e, will
always be perceived as a SIKA.

Therefore, the conceptual understanding of the zal-
zalian second is not simply quantitative, but also rela-
tive and qualitative.®® Importantly, the mujannab is per-
ceived as an intermediate interval between the one
‘half-tone’ and the ‘one-tone’ intervals.

This applies for all other intervals such as the semi-tone
which is an interval smaller than the mujannab, and to the
‘one-tone’ interval which is larger than the latter.

¢! The two are commonly used both with Classical and Folk Ara-
bian music in the Near-East.

62 [Signell, 2002]. Turkish (classical) modern theory uses the HC
approximation for its intervals. In practice, however, as Signell
stresses (p. 37-47) and the way in which many contemporary Turk-
ish musicians perform (as underlined for Kudsi Erguner on Nay or
for Fikret Karakaya on the Lyra in [Beyhom, 2006 ; 2016]), the note
SIKA tends to be played lower than its assigned value (that is e mi-
nus one comma in Turkish theory), notably in magam Rast, Saba
and Bayat.

63 The difference between the mobile notes of Ancient Greek theory
and the variable position of the single note SIKA lies in the fact that
mobile notes may move from one position to another in the general
scale, whilst the variability of the degree SIKA, for example, in-
volves only one position in the general scale, which varies. An ex-
ample of mobility is a change from pitch e to pitch ¢’, when a minor
tetrachord d e f g modulates into a Kurd tetrachord (or also as the
introductory tetrachord in the flamenco scale, starting with d: d ¢’ f
2), while the position of SIKA may vary depending on a certain
number of factors, but its relative positioning in the scale remains
the same (it is still considered as the same intermediate — and iden-
tified — pitch between €” and e, or ¢°), and the intervals it delimitates
are identified, in the magam Rast, Sika and Bayat scales, as mujannab
intervals.
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Fig. 5 Repertoire or regional variations of SIKA and of the zalzalian seconds — this emendated figure is taken from [Beyhom, 2016].

The tonometric value of mujannab may vary,%* but it
is the relative position of the interval in the scale and its
qualitative and relative size, compared to other concep-

tual intervals, which gives it its full value in the reper-

toire.

To conclude on the nature of intervals in a scale,
they are of three types®>:

1. An interval of measurement is an exact (or nearly
exact) divider of other intervals. As a general rule,
any musical system based on the equal division of the

octave,

54 For example
SIKA in...”.

14

as in an equal temperament, gives an interval

“the SIKA in Lebanese Folk music is lower than the

of measurement, such as the semi-tone in the 12-ET,
and with the quarter-tone in the 24-ET or the HC in
the 53-ET divisions of the octave.

Conceptual interval. This is one of the consecutive
intervals of the second forming a musical system.
For example, three seconds in a just fourth, four
seconds in a just fifth, or seven seconds in an oc-
tave. Conceptual intervals can be measured either
exactly or approximately with smaller intervals,
usually of measurement, as in approximations us-
ing the quarter-tone or the HC.

% To which we can add the Container (or Containing) intervals.



3. Elementary intervals are used in combination to
build up to consecutive conceptual intervals of sec-
onds within a system. They can combine either
with a similar elementary interval, such as with
the two leimmata in Urmawi’s general scale, which
combine into a mujannab interval, or with another
elementary interval, such as the leimma + comma,
for the second form of the mujannab, with
Urmawi.*

These three types of intervals are not mutually ex-
clusive. When the smallest conceptual interval is also
the smallest common denominator of all conceptual in-
tervals, as with the semi-tone in the 12-ET, then it be-
comes an interval of measurement, but it is also an ele-
mentary interval, although it remains conceptual when
used as an interval of second within a musical system.
The need to differentiate these three types of intervals
arises within unequal temperaments, for example with
Urmawi.®’

This distinction will provide with a better under-
standing of the combination processes applied to music
intervals.

APPLYING THE CONCEPT OF QUALITATIVE DIFFER-
ENTIATION OF INTERVALS ON URMAWI’S SCALE

Urmawi’s explanations about his scale show that the
(“major”, Pythagorean) tone is composed of three ele-
mentary intervals and that no interval within the fourth
may contain either three successive leimmata or any two
successive commata (Fig. 6).

The comma is neither a quantifying interval as it
does not divide exactly other intervals such as the mu-
jannab or the tone,*® nor is it a conceptual interval, as it
is never used as a melodic interval between two pitches
in a modal scale.%® Furthermore, a comma is never used

66 Additionally, the Pythagorean comma is an auxiliary intervdl, i.e.
an interval which is neither a measuring interval, nor conceptual.

67 The urge for such a concept is even more evident with music not
responding, partially or completely, to temperament, such as we
have with traditional a capella singing worldwide.

68 At least in Urmawi’s concept of the scale: it is much later in the
history of music theory that some theoreticians began using the
Holderian comma as a measuring interval for approximating Py-
thagorean intervals, but this cannot apply to theoreticians of the
Western “Middle Ages” who dealt mainly with Pythagorean fre-
quency (or string) ratios for interval handling — see [Beyhom,
2016].

%9 This means that a melody would not, in the modal or magam
music described in UrmawT’s theories, move directly from one pitch

Amine Beyhom A Hypothesis for Heptatonic Scales

as the first interval of a combination, with a notable ex-
ception for the mujannab which can hold the form
‘C+L.

A conceptual interval generally starts with itself or
with another conceptual interval. The leimma, for exam-
ple, is used both as a conceptual interval, the smallest
interval used in any of Urmawi’s modal scales and as an
elementary interval used in the composition of other,
relatively larger, conceptual intervals.

With Urmawi, both the comma and the leimma, are
elementary intervals. However and additionally, the
leimma is also a conceptual interval.

In modal construction, and with an appropriate
choice of pitches within the scale, with Urmawi, there
are other conditions to be met. These include, for exam-
ple, the inclusion of the fourth and of the fifth. They
must be complementary in the octave. With such limi-
tations, we can conceptualize the intervals of adjacent
seconds in Urmawi’s modes in the following way (Fig.
6):

1. A conceptual interval of one semi-tone is
composed of a single interval, part of the scale.
Since the smallest conceptual interval is the
leimma, we may conclude that the semi-tone is
equivalent to a leimma.

2. The mujannab, or zalzalian second conceptual
interval is composed of two elementary intervals
of the scale: the mujannab can be either composed
of one leimma + one comma, L+C, or of two
consecutive leimmata, L+ L. It is the only interval
with Urmawi, listed among intervals smaller than
the fourth which may have two different sizes.

e As a corollary to this, two mujannab may follow
each other, but only if they have a different com-
position such as when one is L+ C and the other
isL+L (or L+L then C+L).”°

to another, one comma apart, unless this process is used in perfor-
mance as an intonation variation within the original melody (in
which case the size of the comma is approximate). This is still the
case with Arabian music, but where the quarter-tone is the elemen-
tary interval of the 24-ET - see the example of magam Awj-Ara in
Part IT and footnote 147.

70 The explanation of the (theoretical) role of two consecutive mu-
jannab lies possibly in the perception of this interval as being the
result of the division of the one-and-a-half-tones interval in two
smaller intervals (more information about this process can be found
in [Beyhom, 2005]), in which case, any two mujannab in a row
must add up, at least in theory, to the greater tone shown in Fig. 6,
i.e., composed of 3 leimmata and one comma: the only possibility for
this is that the two mujannab be of different sizes.
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Equivalent
The one- leimma interval can be considered as both conceptual or elementary. Equivalent intervals
The comma is only an elementary interval. Both elementary intervals are used intervals C C
to compose conceptual intervals. 1 —1
The mujannab has two
The semitone different sizes but one interval L L L L
has one size capacity for elementary Equivalent
and intervals
g s . . ] — —1 [ —1 (<)
Camposttion. Equivalent intervals, different C C @ C =
It is modelled . i — — — = 1 8
: sizes SO~ o =
by the limma A = k73
VN L L AL 2
used as an v Y o= = I =
1
elementary v L L L IS L o
: L G)
interval — —— — 6 ——
C C [~ = C C
= VY — — —
\V/ I =
L|=|g" L L L L L L L L
S=1 )
| ; Mujannab = 2 Tone =3 Greater tone = 4 Greatest tone = 5
elementa ) . . .
it Il’y elementary intervals elementary intervals elementary intervals elementary intervals
interva
- = conceptual interval S = semitone M = mujannab T = tone C =comma

|:| = elementary interval El = elementary conceptual interval

Fig. 6 Obtaining the 5 qualities of seconds in Urmawi’s theory: the semi-tone is the smallest conceptual interval, and is modeled with
a leimma. Other intervals within the fourth are modeled from a first leimma, augmented with a combination of commata and leimmata,
bearing in mind that no more than two leimmata in a row, and no successive commata, may be used. The mujannab has two possible
sizes, but contains in both cases two elementary intervals. All intervals larger than the semi-tone have two different possibilities for
combinations of elementary intervals.

3. The tone is composed of three elementary inter- 5. The greatest conceptual interval of the second is

vals. However, a) three leimmata must not follow
each other,” and b) the comma must always be
preceded or followed by a leimma. In this case, the
tone can only include two leimmata and one
comma, with two possible arrangements: L+L+C,
orL+C+L.

. The greater, or augmented conceptual interval of
the tone is composed of four elementary intervals.
It can only be made up of three leimmata and one
comma. They can only be arranged in this manner:
L+L+C+L or L+C+L+L. This interval is not
mentioned in the Book of Cycles. It is only assumed
as part of Urmawi’s seconds.

made up of 5 elementary intervals because the
fourth can only be composed of a maximum of
seven elementary intervals, within the system-
atic’? general scale. However, two other intervals
of second (conceptual interval) are needed for its
completion. Since the smallest second is the semi-
tone, the leimma, the greatest conceptual interval
is equal to the remainder coming from the subtrac-
tion of two leimmata from the fourth. The fourth is
composed of two tones and one semi-tone, ie., [2
X (2L+CQC)]+L, or 5L+2C. Taking away two
leimmata, the resulting capacity of the greatest
conceptual interval in a fourth is 3L+2C. Apply-
ing the rules of construction of the intervals, such

71 Because three small intervals are necessarily bigger than a mujan- 72 The “Systematist scale” is the name given to UrmawT’s scale by
nab, which means that their sum must necessarily be equal to the Western musicologists, and his followers are known as the “System-
one-tone Pythagorean interval, which stands next in the row of con- atists”.

ceptual intervals.
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as no more than two leimmata in a row, etc., the
possible forms of the greatest second, or tone, in
Urmawi-type scales are L+L+C+L+C, or
L+ C+L+L+C. This interval is not mentioned as
such in the Book of Cycles but is also assumed.

The fourth needs a combination of smaller intervals
so that their sum can add up to its capacity in terms of
elementary intervals. In order to simplify the process, I
shall use a simple handling of numbers equating to the
conceptual intervals of the second with Urmawi:”®

1. The semi-tone equals number 1, as one elementary
interval is needed to compose this conceptual in-
terval.

2. The mujannab is given the value of 2 since two el-
ementary intervals are needed to build it up to a
conceptual interval.

3. The tone interval is given the value of 3 since it
needs three elementary intervals.

4. The Greater tone has the value of 4 since it re-
quires four elementary intervals.

5. The greatest interval of the second within a fourth
has the value of 5 because it needs five elementary
intervals.

Although having a quantitative function in terms of
numbers of elementary intervals which make up a con-
ceptual interval, numbers 1 to 5 express the intrinsic
quality of the interval: its (theoretical) identification as
a different conceptual interval from those represented
with another number. As a common rule, the fourth is
made up of three conceptual intervals. In order to com-
ply with Urmawi, they must add up to seven elementary
intervals.

Reduced to their hyper-systems, we have the follow-
ing:

1. 115, with 1+1+5
cycles)

2. 124, with 1+2+4
cycles)

3. 133, with1+3+3 =7

4. 223, with2+2+3 =7

7 (not in Urmawi’s Book of

7 (not in Urmawi’s Book of

Therefore, in this case, a fourth may contain, either
1) two semi-tones, ‘1’, and one greatest interval of sec-
ond, ‘5’, or 2) one semi-tone, one mujannab, or zalzalian

73 One could also use corresponding letters, for example S, M, T,
etc., for the combination process: numbers have the same discrimi-
nating power, but have the advantage of allowing a quick check of
the sum of the elementary intervals in the series.
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tone, ‘2’, and one augmented, or greater tone, ‘4’, or 3)
one semi-tone and two intervals of one tone, ‘3’, or 4)
two mujannab, or zalzalian tones and one one-tone in-
terval.

The algorithm for these hyper-systems is straight for-
ward (Fig. 7):

1. To find the first hyper-system, (Fig. 7, first step)
take the smallest conceptual interval, 1 twice in
this case, and then deduce the value of the third
interval by subtracting the quantitative value of
the first two, which adds up to 2 elementary inter-
vals, from the value of a fourth, or 7 elementary
intervals, which gives 5.

2. The second hyper-system, the 124 hyper-system
above, is obtained by decrementing the value of
the last digit interval in the preceding first hyper-
system, (Fig. 7, second step) and by incrementing
accordingly the value of the interval standing just
before in the series: the last digit in the first hyper-
system is 5, which is decremented to 4, and the
interval which precedes it, which is the central 1
in the 115 hyper-system, is incremented, accord-
ingly, to 2.

3. The simultaneous decreasing of one interval value
by one unit, or its decrementation, with the in-
creasing of one other interval value by the same
unit of one, or accordingly incrementing it, insures
that the sum of the numbers in the series remains
unchanged. Here it is equal to 7.

4. Applying the same process to the resulting hyper-
system 124, (Fig. 7, second step — repeated) the
third hyper-system is now 133.

5. Applying the same process to this last hyper-sys-
tem would result in 142.

The capacity of the last series is, however, the same
as for 124. The reason is that in the preceding 133, the
last two intervals were equal but with the continuation
of the process in the same way, interval values for the
central ‘3’ are the same as the preceding values for the
last ‘3’, ie., 4 and 5, and reciprocally, which would re-
sult in the same composition of intervals, in terms of
quantity, within the fourth.”

74 Intervals do change with this algorithm, but they have a fixed
sum, here 7 elementary intervals. This condition limits drastically
interval variation.
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At this point, we need to improve the algorithm in
order to find the remaining hyper-systems. This is done
by decreasing the rank of the intervals to be modified
by applying the same process to the interval the rank of
which is immediately below the rank of the interval to
which the decrementing process was last applied, ie.,
133. The latter is the third interval in the series and now
we must decrement the second interval in the series, and
increment, accordingly, the preceding one, the first in-
terval in the same series.

a) assign to minimum value

at b) deduce maximum value
1% step Y
- 1 1 5

v o

£ 5¢

5 3 £ a)increment last ranking lesser value

w 3 @ .

g K] § = \\/b) decrement next ranking value

v T 32 <
- o

a8 E MR

= N

e £ 3 1 1 5 ¥

g s .

5 25 1 2 4 %
° c N
£ 2o \
LN £ ¢ \

1
a) increment last ranking lesser value 1
1
1

b) decrement next ranking value
2" step < !
i, 1
\/ Sy 1
G ! 1
(repeated) 1 2 4 Y i
1
- 1 3 3 Vo
'
K /\ Iy
Iy
1
equality is reached — decrease rank for 1 J
1
incrementation/decrementation process ,'
1
Idecrease "
o
rank ’
L
a) increment last ranking lesser value !
. lif values not
- b) decrement next ranking value iread |
3" step v/ already equa
1 3 3
- 2 2 3

equality is reached — no more place
for decreasing rank — process stops

Fig. 7 An algorithm for hyper-systems.

75 This simple algorithm is used for computer combination pro-
cessing and is very efficient for larger interval series as, for example,
a heptatonic scale: it is applied in a more elaborate formulation in
the generative procedures used by the theory of Modal systematics,
which allow a complete survey of hyper-systems, systems and sub-
systems as they shall be defined below.

76 The permutation process(es) are explored in Appendix H.

77 English translation in [Aristoxenos and Macran, 1902 ; Barbera,
1984], aforementioned.

78 The additional tetrachords of Farabi are what I call the zalzalian
tones tetrachord (which is equivalent to the Arabian bayat), and the
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Applying this process to 133 which we found in the
preceding step, the second interval, central 3 (Fig. 7, 3¢
step) is decremented to 2, and the first interval, 1, is in-
cremented to 2 (as well), whilst the third interval, which
is the last 3, remains unchanged. This gives the new fig-
ure of 223. This is where the generation process ends
since the two first intervals have now similar values.
Any further step would generate a redundant hyper-sys-
tem.”®

Now that we have determined the hyper-systems
agreeing with Urmawi, we need extract all possible tet-
rachords and shades to give the full range of intervals in
the fourth. The next section will review combination
processes of intervals, for any hyper-system.

Various forms of interval combination

There are different methods for combining intervals.
One is the rotation and the other the permutation pro-
cess.”® These are the most common. Rotation was used,
notably, by Aristoxenos in his Elements of Harmonics,””
and permutations were often used throughout history,
and most probably by Farabi in his tetrachords, adding
to Aristoxenos’ range of tetrachords.”® Both processes
are deficient since they do not give, in their simplest ex-
pression, a full account of all the possible combinations.
The tree process given below has the whole range of re-
sults. However, this is more related to statistical and
probabilistic analyses.

There are other procedures, such as de-ranking,
which can be considered as a general case of the Byzan-
tine-wheel method. Modal systematics uses them all for
the purpose of arranging and classification, with special
recourse of the de-ranking process.

ROTATION OF INTERVALS

Rotation (Fig. 8) is a straight forward process by
which intervals may be combined, placing the first after

original equal-tones tetrachord: expressed in multiples of quarter-
tones, the first genus can be represented by 3 3 4, or three-quarter-
tones, three-quarter-tones, and one one-tone, intervals. In its es-
sence, it is equivalent to the equal diatonic (ascending) tetrachord
of Ptolemaos with successive string ratios of 11/12, 10/11 and
9/10. For a general survey of Greek genera, see [Barbera, 19771,
notably p. 296, 298, 302, 303, 307, and [Mathiesen, 1999], p. 468-
75. The second addition of Farabi, the equal-division tetrachord (or
equal-tone division of the tetrachord), is composed of three identi-
cal intervals each of which has a size of 5/6 tone (see [Farabi (al-),
1930, v. 1, p. 58-59], and Appendix 3 in [Beyhom, 2016]).



the last one, or inversely, the last before the first, leaving
the other intervals in their position.

The first method is a clockwise process which con-
tinues as long as the first interval does not come back to
its initial position, obviously. Fig. 8 shows that this pro-
cess generates intervals in three different ways (the first
does not rotate since it places the interval system in its
original and basic position).

r
Comb. n°1 : no rotation a + b + ¢ 1" rotation
: i
\4 \4
f
Comb. n°2 : 1* rotation b + ¢ + a 2" rotation
i i
N4 v
[
Comb. n°3 : 2" rotation c + a + b 3" rof
i i
| ]
v v
Comb.n4=comb.n°l: a + b + ¢ = a + b + ¢

Fig. 8 Rotation of three distinct intervals a, b and ¢ with the
three resulting combinations.

However, the rotation process is defective, as it al-
ways gives three possible combinations of three inter-
vals, whenever the combination possibilities for these
three intervals allows for six different combinations.”
For the purpose of his explanation, Aristoxenos used in-
tervals of the enharmonic tetrachord which are made up
of two quarter-tones and one ditone, that is two equal
intervals out of three.

Fig. 9 shows intervals with subscript numbers so that
they retain their initial rank in the basic configuration,
that is a, as the first interval of the basic configuration,
a, as the second and b, as the third.

Even then, the rotation process gives three distinct
combinations. If the three intervals are equal to Farabi’s
equal-tone distribution where each is 5/6 of a tone, a
combination process, whatever it may be, will always
give the same result as combining the three intervals a
a a. Other processes are more effective but Aristoxenos’
use of this limited process might have been a conse-
quence that he considered interval combination as a de-
ranking process.

79 The total number of combinations is obtained through the for-
mula N! (or N factorial), in which N is the number of intervals to
combine. Here, we have 3! (or three factorial) which is equal to 3 x
2x 1=6. On the other hand, any rotation (or, here, combination of
three identical intervals would give the same redundant combina-
tion, like in a a a, for example.
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[
Comb. n°1: no rotation a, + a + bs J/ 1* rotation
| )
v v
r
Comb. n°2 : 1* rotation a, + by + a 2" rotation
i :
N \4
[
Comb. n°3: 2" rotation b; + a + a,
i 1
i |
A4 v
Comb.n4=comb.n°1: a, + a, + by = a + a, + b,

Fig. 9 Rotation of three intervals out of which two (the ‘@’
intervals) can be considered as equivalent (the subscript num-
bers identify the initial rank of each interval in the original —
basic — combination): the outcome is still three distinct combi-
nations.

TREE PROCESSING®?

In the tree processing the combinations are based on
an initial choice of intervals, rank by rank (Fig. 10).

. ; . resulting
1% interval 2"%interval - 3" interval SR n°
combinations
/32 bs a & by 1
EN (remaining (either a ; or
wnd b3) bs)
. by — a a3 by a 2
£}
H]
~
S
; /a1 b3 a2 a1 bj 3 (1)
s
S - 7
g EN (remaining (either a ; or
g N}nd bs) bs)
] by——a a, by a [EENE]
S
<
o
-~
S
=
) /al— & b3 g & s
b3 (remaining 2ithera; ora,
wnd a,)
AQ————3 b, a a 6 (5)

— redundant ||
ifa;=a,

3 (1) = combination n°3 is redundant with

a, a; bs iHH
2 91 P3 combination n°1

Fig. 10 Tree processing for three intervals.®!

With the first rank, we may choose between the
three intervals a,, a,, or b, (the subscript plays here more
the role of identifier for each interval, than the role of
an initial rank number).

Having completed this first step, we still have two
intervals of which one must be assigned to the second

80 This process is used in statistical and probability algorithmic,
which is historically a recent domain in science. Reminder: the per-
mutation processes, combined with rotations, are explained in Ap-
pendix H.

81 See previous figure: the outcome is 6 distinct combinations as in
the rotation/permutation procedure (see Appendix H), but the re-
sult is straight forward; however, if ‘a,” and ‘a,’ be considered as
identical, there would remain only three distinct combinations out
of six possibilities.

19

3" rotation



NEMO-Online Vol. 4 No. 6 - May (November) 2017

position in the series. The third step leaves us with one
possibility since two out of three intervals have already
been used.

The process is straightforward as it gives directly the
six distinct combinations seen above. There are no re-
dundancies although intervals a; and a, could be taken
as equal. In this case, again, we only have three distinct
combinations.

The tree processing method is rarely used for com-
bination of intervals and this is one of the reasons why
we have to explore further the de-ranking process which
is of crucial importance in Modal systematics®? as it is a
practical way for arranging and classifying large num-
bers of interval combinations, such as in the heptatonic
scales.

THE DE-RANKING PROCESS, OR PICKING INTERVALS ‘N’ IN A
ROW OUT OF REPEATED SERIES OF ‘M’ CONJUNCT INTER-
VALS — HYPER-SYSTEMS, SYSTEMS, AND SUB-SYSTEMS

De-ranking is closely related to rotation. It is very
useful and in the study of musical systems applies
mostly to the double octave. In a reduced form, the de-
ranking process takes it that a series of conjunct inter-
vals is repeated a certain number of times, for example
for in the series a, a, b, a, a, b, a, a, b,...5

By de-ranking the first interval, we start the series of
intervals by the first interval a, instead of the first inter-
val a;. We may consider this process as a rotation of in-
tervals where the first a; goes to the end of the extended
series. If we choose N intervals out of a repeated pattern
of N intervals, this process is a repeated rotation®* where
N = M = 3. (Fig. 11)

In a more general application of this process, N in-
tervals in a row are taken out of a series of M, repeated
at least once, with both N and M being integer numbers.
In the case of five intervals a b ¢ d e repeated once in a
row, for example (Fig. 12), we can pick up any series of
three conjunct intervals to form a combination. The first

82 And for music theory as a whole.

83 This process is called the Wheel by Byzantine chant theoreticians.
It is applied to intervals composing a fifth repeated in a row. See
[Giannelos, 1996, p. 89], “Le systeme de la roue”, and [Beyhom,
2015a].

84 In which case the procedure is called “calibrated de-ranking”.
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ranking combination is a b ¢, the second b ¢ d, the third
cde, etc.

Rotations R.n° Results
0 a; a, by
1 a by a; F Basic combinations
/\az 2 by a a]
EN 3 @; @, b;3]
/\ 4 @, by @5 Redundant combinations
\\9 b; 5 b;ae;a,]
B % B etc.
Base: a; a; b; ’ A &
etc. J

Fig. 11 Endless rotations of intervals as a particular case of the
de-ranking procedure.®®

st
deabcde
st
aeabcde
st
ababcde
st
abcbcde
st
abcdcde
st
abcdehde
st
abcdeahe
st
abcdeabh

Fig. 12 De-ranking procedure applied to three successive in-

tervals picked out from a double row of five intervals.®®

If we apply this process to a double heptatonic tense
diatonic (ditonic) scale,®” and in turn select seven con-
junct intervals among the fourteen of the series (Fig.
13), beginning with the first interval, the second, the
third, etc., and until the seventh, we obtain the seven
different species of the scale®®.

In Fig. 13 the basic scaleis 1 22 1 2 2 2, in which
intervals are expressed as multiples of the semi-tone.

This corresponds to the ditonic, and here also, the
equal temperament Western scale beginning with B or

85 By picking three (N) conjunct intervals, out of three (M=N’)
endlessly repeated intervals, beginning with the first, then the sec-
ond, etc., we end up applying a rotational procedure with, as a re-
sult, an endless series of redundant combinations.

86 There are five distinct combinations out of eight, the last three
being redundant with the first three.

87 Starting here with B, for reasons explained farther.

8 Which are named sub-systems in the theory of Modal systemat-
ics.



its equivalents (b, b’, etc.), or B 1 (semi-tone) c2d2e 1
f2g2a2(b). Of all possible species of the double di-
tonic octave, this scale corresponds to the lowest value
when expressing the concatenated intervals as an inte-
ger number.

Original basic combination (rank N°1) T
[H——
O P P P st | 7 v )

 —
Third combination(rankN°3) 1 2|2 1 2 2 2 1 2|2 1 2
I —
Fourth combination(rank N°4) 1 2 2|1 2 2 2 1 2 2|1 2

Second combination (rank N°2)

Fifth combination (rankN°5) 1 2 2 1|2 2 2 1 2 2 1|2

22N 22NN 2N 12

Sixth combination (rank N°6) 1 2

2

2

2

7

Seventh combination (rank N°7) 1 2 2 1 2 2|2 1

Combination N°8 - sameasfirst 1 2 2 1 2 2 2|1 2 2 1 2

Fig. 13 Calibrate®® de-ranking procedure applied to two iden-

tically composed octaves in a row.”

With modal systematics, the first in a series of de-
ranked combinations is considered as the basic system.*
The others, in this example, are sub-systems of system 1
221222 (Fig. 14).

(Hyper-system is Rank of the Beginning Intervals in multiples of
1122222) sub-system note (West.) the semi-tone
(Basic system has rank N°1) {-> 1. B 12 212 2 2
2i c 20211 2 212 11
. Tge se\;\en;u?systems 3. d 212 2 21 2
(including the basic systgm) 4. 5 12221 2 2
extracted (by a de-ranking
: 5. f 2 222 1 222 1
process) from basic system
1221222 6. g 2 21 2 2 2
7. a 2 172 2 1.2 2

Fig. 14 Results of the de-ranking procedure as applied i
Modal systematics to the Western ditonic scale.”

5

The hyper-system is the interval capacity indicator
that we find in arranging all intervals in a combination
from the smallest to the largest. For example, in the hy-
per-system 1 1 2 2 2 2 2, from which we get that the
capacity of all corresponding systems and sub-systems

89 T use “calibrated” to characterize de-ranking when it is similar to
rotation — see footnote no. 84.

90 Seven species (or sub-systems in the theory of Modal systematics)
may be extracted through the procedure - see also footnote no. 87.
Calibrated de-ranking only will be used through the remaining part
of the article, and shall simply be called “de-ranking process” or
“de-ranking”.

1 Together as the first sub-system of the series.

92 The sub-system having the smallest figure as a whole number (as
an integer concatenated form), is sub-system 1 2 2 1 2 2 2 (in con-
catenated form 1221222, or ‘one million two hundred and twenty-
one thousands and two hundred twenty-two’). All other sub-sys-
tems have a corresponding integer value which, if their intervals be
concatenated to form an integer number, is larger than the former.
Consequently, in modal systematics, the combination 122122 2
holds the head rank among these 7 sub-systems and is considered

220 L 2 2
e —

2
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is equivalent to two one-semi-tone intervals and five
one-tone intervals, there are other systems which are
distinct from 1 221 2 2 2. They have the same capacity,
within the same hyper-system.

In order to find all systems and sub-systems originat-
ing from a hyper-system, one needs apply, for example,
a combined process of rotations/permutations to its in-
tervals.”® This has been explained above.” If we elimi-
nate the redundant systems or sub-systems, we find (Fig.
15) two other systems for hyper-system 1 12222 2.

The first of these two distinct systems is the hyper-
system itself, as it expresses an arrangement of intervals
11 22222, where the two semi-tones in the first com-
bination are placed in a row, and which is different from
1221 22 2. This system has in turn seven sub-systems.
In this case, they are species.

The remaining system which has the same interval
capacity as the precedent ones but whose intervals are
arranged following a different pattern where two semi-
tones are separated alternately by one, then four, one-
tone intervals, is 1 2 1 2 2 2 2, and has, accordingly,
seven distinct sub-systems. Fig. 15 shows how hyper-
system 1 1 2 2 2 2 2 has intervals that can be combined
in three distinct systems which in turn, give each seven
different combinations or sub-systems obtained from
de-ranking.

This hyper-system is peculiar in that it is the only
one composed exclusively of one ‘semi-tone’ or one
‘tone’ intervals. If to our alphabet of intervals, we add
the ‘one-and-a-half-tones’ interval class in our model,
we find two other hyper-systems, 1111233 and 11
12223

as being the basic system from which the six others are deduced by
the de-ranking procedure (the basic system is, besides being the
head or base system, the first sub-system in the group of seven). The
capacity indicator of these sub-systems is hyper-system 1 1 2 2 2 2
2 (two one-semi-tone and five one-tone intervals).

3 See Appendix Hj; there are other more sophisticated algorithms
for interval combinations in computer mathematics but my main
purpose is to remain as close as possible to an intuitive handling of
intervals — see also the introduction (“Impromptu”) of Part II in this
article.

4 The hyper-systems, systems and sub-systems are, in the general
case of statistical research on scales (in Modal systematics), gener-
ated with the help of a computer program based on an extended
version of the algorithm shown in Fig. 7, p. 18.
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Rank of the sub- Intervals in multiples of
system the semi-tone
1. 2 112 2 2 2 2
©
2 2312222 21
o o 5 £
jZ:B. g§2222211
Enq4. §2 2222112
2w b i
2w (5 6% 2 2 211 22
" "le. 2322112 22
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L7. = 2112 2 2 2
1. o 1 21 2 2 2 2
©
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ENNN2‘:§:2122221
EN°ZN3.=31222212
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PNl ENq4 g3 2 222121
ENH"‘ B
&ﬁ%:5.852221212
- 6. 2% 2212122
L7. = 2121222
Beginning
note (West.)
1. B 1 2 21 2 2 2
2. ¢ 2 2 1.2 2 2 4
o N
5 N3, d 212 2 2 1 2
~
E =4 e 1 2 2 2 1 2 2
Y~
L‘%:S. f 22 212 21
6. g 2 2 1 2 2 1 2
L7. a 21 2 2 1 2 2

Fig. 15 Complete listing of the systems and sub-systems re-
lated to hyper-system 1 1 2 2 2 2 2 (in multiples of the half-
tone).”

These generate 15 and 20 distinct systems, respec-
tively, or 105 and 140 distinct sub-systems. They are too
numerous to be listed here, but an example of sub-sys-
tem from the first hyper-system is the (Modern)® scale
of the well-known Hijaz-Kar Arabian mode, with two
hijaz tetrachords (1 3 1),” separated by a one-tone in-
terval: 131[2]131.%8

Another example, related to the second hyper-sys-
tem, is the scale of the contemporary Arabian magam
Hijaz, which commonly follows the scale 13121 2 2

% Three systems are generated, one of which applies to the western
regular scale (semi-tonal ditonic — or simply “ditonic”). The other
two scale systems (or seven sub-systems for each system) are rarely
used but are found in the specialized literature and used in contem-
porary music (see [Beyhom, 2003b, p. 48-50] for more details). See
Slide no. 20 in the accompanying Power Point show to listen to the
scales.

% i.e. semi-tonal following the influence of the semi-tonal piano.

97 Or one semi-tone, one tone and a half, one semi-tone: this tetra-
chord is equivalent to the tonic chromatic tetrachord of Aristox-
enos, with the semi-tones placed on both sides of the one-and-a-
half-tones interval.

22

when reduced to a semi-tone scale without zalzalian in-
tervals.

Now if we wanted to express the intervals of these
hyper-systems in the equal-quarter-tones distribution of
modern Arabian theory, then this would give:

1. 2244444
2. 2224446
3. 2222466

If arranged in agreement with modal systematics
classification, with the lesser values of hyper-systems
holding the lower rank, their places would be reversed
as:

1. 2222466
2. 2224446
3. 2244444

Let us now take in consideration the two zalzalian
intervals used in modern Arabian theory. These are the
three-quarter-tone ‘3’ and the five-quarter-tone ‘5’ inter-
vals, which are conceptually differentiated from the
one-semi-tone, one-tone, and one-tone-and-a-half. Com-
bining the five intervals 2, 3, 4, 5, and 6 in seven possi-
ble positions, with the condition that the sum of the in-
tervals must be equal to 24 quarter-tones, we end up
having 19 hyper-systems (Table 4: 23) with a possible
number of 4795 sub-systems or scales. Among them,
there are very few in usage.

Scales used in semi-tone hyper-systems such as hy-
per-systems nos. 1, 6 and 12 in the table, are limited to
the ditonic and to the (“Modern”, i.e. westernized) Hijaz-
Kar or Hijaz type scales.

For the remaining hyper-systems, scales used in the
performance, practice and theory of Arabian, Persian
and Turkish'® music are remarkably few.

8 This mode is also frequently assigned to European gypsy music,
and also used with film music, notably the score by Maurice Jarre
for Lawrence of Arabia (dir. David Lean, 1962 — see [Anon. “Law-
rence of Arabia (film)”, 2016]); more about hijaz-type tetrachords
can be found in [Beyhom, 2014].

99 This is the most homogeneous system among the three, with only
two different classes of intervals used.

190 In the case of the latter music, scales are notated differently but
are conceived as being the same as Arabian corresponding scales.
This is too lengthy a subject to be treated here, but the reader can
have more information in [Beyhom, 2006 ; 2014 ; 2016].



Amine Beyhom A Hypothesis for Heptatonic Scales

H. Value NS | NSS [NSS4| FF Remarks
1 2222466| 15 | 105 | 58 21 |Hijaz-Kar, “Arabian”, “Gipsy” or “chromatic” scales
2 |2222556| 15| 105 | 23 6 | Very rare: existence not confirmedas (522625 2)
3 2223366 | 30 | 210 | 54 0 |Rare: existence confirmed as (332626 2)
4 (2223456 |120| 840 | 208 | 60 |Variants of N°1
5 2223555 20| 140 | 56 12 | Existence not confirmed to this day
6 |2224446| 20 | 140 | 80 | 46 |Frequent: generates Hijaz (262424 4)
7 |2224455| 30 | 210 | 40 14 | Existence not confirmed to this day
8 12233356 60 | 420 | 120 0 |Existence not confirmed to this day
9 |2233446| 90 | 630 | 168 | 54 |“Regular” Saba (3 3 2 6 2 4 4) and other modes
10 |{2233455(| 90 | 630 | 210 | 54 |Variants of N°1
11 | 2234445| 60 | 420 | 96 | 36 |Variants of N°6
12 (2244444 3 | 21 | 12 9 |[Semi-tonal “diatonism” and derivatives
13 | 2333346| 30 | 210 | 46 0 |Existence not confirmed to this day
14 | 2333355| 15| 105 | 29 0 | Existence not confirmed to this day
15 | 2333445| 60 | 420 | 120 | 36 [Scales are close to those of N°6
16 | 2334444| 15 | 105 | 30 | 18 |Frequent: Arabian Bayat and other modes
17 | 3333336 1 7 0 0 | Existence not confirmed to this day
18 | 3333345 6 | 42 | 12 0 |Existence not confirmed to this day
19 | 3333444 5 | 35 | 18 9 |Frequent: Arabian Rast and other modes
Total 19 685 4795|1380 385
Table 5 19 hyper-systems generated within the quarter-tone model with the limited alphabet of intervals with “2”, “3”, “4